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ABSTRACT. In this note we present some ideas on when Lie symmetries, both point and generalized,
can depend on arbitrary functions. We show a few examples, both in partial differential and partial
difference equations where this happens. Moreover we show that the infinitesimal generators of
generalized symmetries depending on arbitrary functions, both for continuous and discrete equations,
effectively play the role of master symmetries.
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1. INTRODUCTION

In a seminal work of two century ago Medolaghi [27], following Sophus Lie results on ordinary differential
equations [24], 25], proposed the following work program for Partial Differential Equations (PDE’s):

(1.) Determine all different kinds of infinite groups of point transformations in 3 variables.
(2.) For each of the obtained groups determine the invariant second order equations.

In the framework of this research Medolaghi got, among other equations, the Liouville equation
Ugy (, 1) = (™D, (1.1)
The symmetry algebra of the Liouville equation is given by the vector fields
X(f(2) = f(2)0z — fo(2)0u,  Y(g(t)) = g(t)0r — g¢(t)0u, (1.2)

where f(z) and g(t) are arbitrary smooth functions of their argument and by f,(z) and g;(¢) we mean their
first derivatives. The commutation relations of the vector fields (L.2)) are

(XU, XN =X(ffe=Ffo), [Y(©9).Y(@)] =Y (93 —g9),  [X().Y(9)] =0. (1.3)

The algebra , is isomorphic to the direct sum of two Virasoro algebras.

We can find also S-integrable equations [5], i.e., equations integrable by the Spectral transform, which have
an infinite dimensional group of point symmetries. Classical examples are the (2 4 1)-dimensional Kadomtsev-
Petviashvili equation [7) [8, 29], the (2 4+ 1)-dimensional Davey-Stewartson equation [6], the (2 4+ 1)-dimensional
Toda [22], the three wave interaction in three dimensions [26].

In the Example 5.7 of [28] one finds the point and generalized symmetries for the nonlinear first order wave
equation

Up = Uly, u = u(z,t). (1.4)

In evolutionary form they are given by the characteristic

1 rxr
Q:u1F<x+tu,u,t+ ;,1;3 >, (1.5)

where the function F' is an arbitrary function of its arguments. In particular the last term corresponds to
generalized symmetries as it depends of the second derivative of the field. For the symmetries of hydrodynamic-
type partial differential equations see [I1].

Results by Shabat and Zhiber [37] show that also the Liouville equation, being Darboux integrable, has such
kind of symmetries:

Q= (Dy+uy)F(w,wg, ..., Wk z) + (Dt + ut)G(W, Wy, . .., Wkyt), (1.6)
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where the operators D, + u, and D; + u; are the Laplace operators, k1 and ko are two positive integer numbers,
F and G are two arbitrary functions of their arguments, D, and D; stands for the total derivative with respect
to the x and t variables and w = ug, — 2 Uz 2 and w = uy — éu? are the lowest order integrals of the Liouville
equation in the z and t direction. Here and in the following by w,, we mean the n times derivative of the
function w(z,t) with respect to .

So the nonlinear wave equation as well as the Liouville equation admit generalized symmetries
depending on arbitrary functions. Then Medolaghi program could be extended to the case of generalized
symmetries. We here present some preliminary ideas on a possible solution of this program.

In the following Section we will present some results on the construction of PDE’s presenting generalized
symmetries depending on arbitrary functions and relate them to Darboux integrable equations. Then in Section
3 we present the counterpart of the previous results in the discrete case. At the end we present few conclusive
remarks and conjectures.

2. FACTORIZABLE DIFFERENTIAL OPERATORS, DARBOUX INTEGRABLE EQUATIONS
AND SYMMETRIES DEPENDING ON ARBITRARY FUNCTIONS.

The result (1.5) can be in principle generalized to any differential equation of the first order as the equation

for the symmetries, be them point or generalized ones, can be solved on the characteristics as it was in the

case of the Hopf equation (|1.4). Let consider, with no loss of generality, the example of a general first order
autonomous equation in two independent variables,

Uy = f(u7u-’t)7 u:u(x,t), (21)
where f is an arbitrary function of its arguments. The symmetries are given by their characteristics Q(z, ¢, u,
Ug, - -, Uky) and their determining equations are given by
3
DQ — [ / f ] = 0. (2.2)
ur=f

Equation is a first order differential equation for ) which can be solved on the characteristics and whose
solutions provide k + 2 symmetry variables. Then, as in the case of , the symmetries of are given
by arbitrary functions of the k + 2 symmetry variables. So any first order PDE, linear or nonlinear, will have
generically point and generalized symmetries depending on arbitrary functions of the symmetry variables.

We can easily show an interesting consequence of the existence of generalized symmetries depending on
arbitrary functions. For the sake of concreteness we consider the symmetries of . Let us consider the

subcase of (|1.5)) when

1 Ugz
Qf:um[fl(x+tu)+f2(t+u)+f3(u3 )] (2:3)
i.e., the Hopf equation ([1.4) has a symmetry generator of the form:

Xf =Qs0y (2.4)

with the functions f;, ¢ = 1,2, 3 analytic in their argument. When f5 and f3 are zero then is the infinitesimal
generator of point symmetries depending on an arbitrary function f;; when f; and f3 are zero then is the
inﬁnitesimal generator of contact symmetries depending on an arbitrary function fs; when f; and f; are zero
then is the infinitesimal generator of generalized symmetries depending on an arbitrary function fs. If
we take two of such generators, X ¢ and X g, Wwhere f and g are two different functions of the same argument,
what can we say of their commutator? It has been proved by Bécklund [I7] that as soon as the characteristic @
depends on derivatives of order higher than the first one, the symmetry group is infinite. The last symmetry
group which can be finite is the one of the contact symmetries, if no arbitrary function is present. As was shown
in the case of the Liouville equation the presence of a symmetry generator of point symmetries depending on an
arbitrary function provide an infinite dimensional Lie algebra of point symmetries.
Let us carry out the the commutation of X ¢ and X g, for f and g equal to fi we get:

[Xf17Xgl:| = Xflgll—f{_lh? (25)
equal to fo we get:

A A

[sz’ng} =0, (2'6)
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and equal to f3 we get:

] (Ugzatls — 3u§x)2

9
Uy

[Xfwf(gs] = [fé/gé - égg Ou.- (2'7)
The algebra ([2.5) turn out to be a Virasoro algebra of Lie point symmetries. The infinitesimal generators of the
contact symmetries commute but the infinitesimal generator depending on an arbitrary function of the
generalized symmetry take the form of a master symmetry as the commutator of two such symmetries provide a
symmetry of higher order .

The existence of arbitrary functions of generalized symmetries is not limited to the case of first order
differential equations. It can easily extended to higher order PDE’s when the differential operator which define
the equation is factorizable. Few authors [I8] B4] showed through the Laplace cascade method that factorizable
linear PDE’s are Darboux integrable if the cascade terminates. We can show that a factorizable PDE admits as
a subclass of symmetries the symmetries of its first order PDE. As an example let us consider the case of second
order factorizable PDE’s. Let us consider the second order autonomous partial differential equation for one
dependent variable u in the two independent variables x and t

El = Ut + [g(’uwux) - f(u7ux)uz]uxt - f(u7ux)uzg(u7ux>uzr - f(u7u:r)u [ut - g(uvuz)uz] - 07 (28)

where f and g are two arbitrary functions of their arguments. Defining the first order autonomous PDE for
u = u(a,t),

Ey=u — f(u,uy) =0, (2.9)
(2.8) is factorizable as:
Ey = [0 + g(u,uz)0,| Eg = 0. (2.10)
The symmetries of Ey are given by the infinitesimal generator
X = Qo(x, t, u, Uy, Ut, Ugg, - . . )Oy (2.11)

and the determining equation is written as

DtQO - f(ua ux)uQO - f(ua Ux)uwD:cQO Eo=0 = O’ (212)

where D,Qo and D,Qq are the coefficient of the prolongation of X with respect to u; and u,. The determining
equation for the symmetries of Fy = 0 of infinitesimal generator

A

Y:Ql(matauvuzvutauzzw-~)8u (213)
is given by

prYE; =0. (2.14)
E1=0

The explicit expression of is long as it involves the application of the second prolongation of Y. So we
do not write it down here. By direct calculation it is easy to show that is satisfied by the solution of
(2.12)). This shows that the symmetries of the second order autonomous factorizable PDE E; = 0 contain those
of Eyg = 0. So E; = 0 can have arbitrary function dependent generalized symmetries as Ey = 0 does. This proof
can be extended to PDE’s of any order and of any number of variables. The relation of this factorization to
Laplace cascade method and Darboux integrability is still to be understood.

3. DISCRETE EQUATIONS WITH GENERALIZED SYMMETRIES
DEPENDING ON AN ARBITRARY FUNCTION.

Partial Difference Equations (PAE’s) can have symmetries depending on arbitrary functions. The presence of
arbitrary functions of point symmetries has been shown to appear, as in the continuous case [3| [I1], 17, [3T], when
the PAE is linearizable [2I]. Here we show on some examples that one can find PAE’s which have arbitrary
functions of generalized symmetries. When they appear the system is usually linearizable but a complete theory
in this case is absent. We have some results on Darboux integrable discrete equations [2, 9] [10] [32, [33], [35]
which correspond to PAE’s which have two distinct conserved quantities in the two different directions of the
discrete plane. The complete classification of Darboux integrable equations on the lattice is absent and only
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some simple classes are worked out in the references mentioned above. Darboux integrable equations turn out
to be linearizable but the other way around may not be true.

Here in the following we presents three linearizable PAE’s [I3, [14] which have arbitrary functions of
generalized symmetries. Then, in a subsection, we present the case of the completely discrete Liouville equations.
The first two equations are quad graph equations which do not possess the tetrahedron property. They turn out
to be linearazable and have generalized symmetries of any order [I4]. Then we consider an equation of the Boll

classification, ; H 55)7 which is non autonomous, linearizable and has three-point generalized symmetries [4, [13].
The three equations are:

(1.) The first equation belongs to the classification of compatible equations around the cube with no tetrahedron
property presented by Hietarinta in [T4]:

Um4+1,nUm,n+1 + UmnUm+1,n+1 = 0. (31)

The three-point symmetries in the m-direction of (3.1]) are given by the characteristic

v v
Qm,n = Um,nF<(_1)n mtln ) (_1)n o ) (32)
Um,n Um—1,n
As (3.1) is symmetric in the exchange of n and m the generalized symmetry (3.2)) is valid also in the direction
n with the role of n and m interchanged.
We can easily find two conserved quantities

Wy = (—)nimEln gy, o (o qym el (3.3)
Um,n Um,n
such that
(T, — 1) =0, Thmn = b1, (Th — 1)y =0, Tohmn = hm,nt1- (3.4)

Then (3.1)) is Darboux integrable equation and (3.2)) is just the three-point subcase of a general characteristic
in the m direction

v v
Quin = O P (~1)" Ty V2 (o qyrpr L), (3.5)
Um,n Um,n
with N and M two positive arbitrary integers such that the number of points involved in the symmetry
is given by N + M + 2. A similar characteristic exists also in the n direction with the role of n and m

interchanged.
Equation (3.1)) is linearizable in three ways:

e By the point transformation vg o = "%, so that zg ¢ = logvg ¢ (without loss of generality, log can be
always taken to stand for the principal value of the complex logarithm), is transformed into the linear
equation xoo — x1,0 — To,1 + x1,1 = 7.

e By the Hopf-Cole transformation vy /vo0 = wo,0 (vo,0 # 0) into the ordinary difference equation
Wo,1 + Wo,0 = 0.

e By the Hopf-Cole transformation vg1/v00 = too (vo0 # 0) into the ordinary difference equation
t1,0 +to,0 = 0.

(2.) A second equation which belongs to the classification of equations compatible around the cube with no
tetrahedron property presented by Hietarinta in [14] is:

Um;n + Um-‘rl,n + vm,n+1 + vm+1,n+1 + Um+l,nvm,n+lvm+1,n+1 (3 6)
+ Um,n [Um+1,nvm,n+1 + Um+1,nvm+17n+1 + vm,n+lvm+1,n+1] = 07

whose three-point symmetries in the m-direction are given by

Omn = (1) (1 - vi,n)K<((1 — ) (1 — vml,n))(”n’ ((1 — O (1 — Um+1,n))(1)n). 37

(1 +Um,n)(1 +Um—1,n) (1 "’Um,n)(l +Um+1,n)
Equation (3.6) admits a fourfold discrete symmetry given by

() . (I4+evgo+1-¢
— =
0,0 rU070 (1 _ E)’U(),() 1+ E’

(3.8)

196



VOL. 56 NO. 3/2016 On PDE and PAE with Symmetries Depending on Arbitrary Functions

where ¢ is one of the four quartic roots of unity, e = (£i,£1). Equation is symmetric in the exchange
of n and m and consequently the generalized symmetry is valid also in the direction n interchanging
the role of n and m. It is not contained in the lists of Darboux integrable discrete equations [9] and [32],
however we can prove that it is Darboux integrable as it admits the following integrals which satisfy :

Wl = <(1 — vm,n)(l - Um+1,n)>(1)n W2 _ ((1 - Um,’n)(]' - Um,’n+1)>(1)m
(1 + ’Um,n)(l + Um—i—l,n) ’ (1 + Um,n)(l + Um,7z+1) :

(3.9)

The symmetry characteristic (3.7)) is nothing but the reduction to three-point of a general case depending on
N + M + 2 points with NV and M arbitrary positive integers,

(1= V) (1 = V1,0 ) -0
(1 +Umn)(1 +Um71,n) ’

e (
(1 — Um,n)(l — ’Um—l,n) o
...,le\/[<(1+vm)n)(1+’l)m1,n)> )

Qmn = (=" (1 - Urzn,n)K<T1_N(
3.10)

A similar characteristic exists also in the n direction with the role of n and m interchanged.
Equation (3.6)) is linearizable by the point transformation:

. 1 + eIm,n
Um,n = 1_ etmmn (311)
into the linear equation
Tm.n + Tm+1,n + Tm,n+1 + Tm+1,n+1 = 2iZ7T7 (312)

where z = —1,0,1,2. The indeterminacy of the inhomogeneous term of (3.12)) takes into account the fourfold

discrete symmetry (3.8]) of (3.6]). It is worth while to notice that inverting (3.11)) we get xo,0 = log 222;,

where without loss of generality, the function log can always be taken as the principal value of the complex
logarithm [30]. Other two linearizations, similar to those showed for (3.1]), are also present here.

3.) (H is:

(+)

(xm,n - xm-‘rl,n)(xm,n-i-l - an-{-l,n-‘rl) - 620‘2 (Fn xm,n-{-lxm-‘rl,n—i-l + Fy(li)an,nx’m—i-l,n) — Qg = 0 (313)

where F,(li) = w and e and ay are arbitrary constants. Equation (3.13)) is Darboux integrable, as we
can find two integrals in the m and n directions which satisfy (3.4). The m-integral being given by

Wy = ag FH s + by FC(Ty + 1 = _Tmontl 7 Tmon1 g 3.14
2 @28n s+ 0 " ( 2+ )U7 5 1‘|’52='17m,n—i-155m,n—17 “ Tm, Fmn—1, ( )

where ao and by are two arbitrary constants. The n direction integral is different, as tH:EE) is not symmetric

in the exchange of n and m, and is given by

. Q2 _ - ITmn — Tm-1, .
Wy = F}ﬁ7 +FE5 = - +"”;gxmjnx;n, VE T — T (3.15)

Equations (3.14) and (3.15) are effectively four integrals as a; and b;, i = 1,2 are independent constants.
In [I2] we constructed its three-point generalized symmetries along the direction m:

2 2.2 =2 2.2
+e2a3) az(v? +e%a3) 52+c%02)v
o = FP) 042(0723"1 a) 2V T-T)p (a2 gy — O EE ARy .
Qmn = Fn ((@—v)(ﬁ—&—v) S G Gy 1(3) + (omn = Gy ) + 7

! F7(L_) ((t__i)?(jt_"_t)(Bm(t) B Bmil(t)) - %w + (5n> (1 + ngil,n)a

(3.16)
where By, (y), 7» and d,, are generic functions of their arguments, w is an arbitrary constant and v = Tyv
and t = T1t. Let us note that any free function and free parameter may eventually depend on a5 and e.

It is possible to demonstrate that, as long as € # 0, no n—independent reduction of the above symmetry
exists. If in (3.16)) the functions B,,_; appearing in it will depend on the variables TVW7, ... 7TfH_NW1
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and consequently B, on T7 +1T/Vl, oL TY +1+NW1, one obtains the generalized symmetries for (3.13)) in the
direction m at all order.
The three-point generalized symmetry along the direction n is different as the equation is not symmetric.
It is:
Qmn = FT(L+)(B7L(S) + kin) + Fr(;)(l + 52zfnm)(on(ﬂ +u) + An), (3.17)

where B, (y) and C,(y) are arbitrary functions of their argument and of the lattice variable n, u = Thu
and K, and A, are arbitrary functions of the lattice variable n. Due to the complexity of the three-point
generalized symmetries we are not able, in this case, to evince the Laplace operators and thus write the
generalized symmetries depending on an arbitrary function for any number of points.

As in the case of PDE’s presented in the previous Section also here the generalized symmetry depending on
an arbitrary function play the role of a master symmetry. Let us consider , as an example, the commutation
of two generalized symmetries of (3.1]) of infinitesimal generators Xp,, = vy, Fin0y,, and Xg,, = vnGmo,

characterized by the arbitrary functions F),, = F((—l)”"z‘%) and G, = G((—l)”%) corresponding to |
with N = M = 0. We have: /

[XFmaXGm} = (_1)nvm+1Hmavm~ (318)
where

In (3.19), F!, means the derivative of F),, with respect to its argument and the operator A is such that
AF,, = Fy41 — Fp,. The function H,, depends on more points than the functions F),, and G,, and so the
generator X plays the role of a master symmetry.

3.1. THE DISCRETE ALGEBRAIC LIOUVILLE EQUATIONS

Among the many different completely discrete Liouville equations which go in the continuous limit in the
algebraic Liouville equation

VVgy — VzUy = V°, (3.20)

obtained from (1.1) by setting v = €%, let’s mention the following four:

e The Tzitzeica-Liouville equation, given in [I]:

hm,nhm+1,n+1(hm+1,n - 1)(hm,n+1 - 1) - (hm,n - 1)(hm+1,n+1 - 1) = 0;

e The potential Hirota-Liouville equation, given in [I5] [33]:
Um,nUm—+1,n+1 — Um+1,nVUm,n+1 + 1 = 0;
e The Hirota-Liouville equation, given in [16] [33]:
UmnUm+1,n+1 — (uerl,n - 1)(um,n+1 - 1) = 0;

e The Adler-Startsev Liouville equation, given in [2]:

1 1
mm¢m+LwH<1+» )<1+ )-—1:0. (3.21)
tm-i—l,n tm,n-‘rl

These PAE’s can be transformed one into the other by the following transformations:

hm,n # 1; Um,n = Um+1,nUm,n+1, Um,n = _t . (322)
m,n

The generalized symmetries of ([3.21)) along the direction m are given for all p € Z and N € Ny by

Um,n = h

dt,mn tn (1 +tm_10)\!
ﬁz;ﬂ+%“mfn@+ %ﬁ' Lwtmﬂﬂmwwﬂwm% (3.23)
m—1,n
where ¢ is the group parameter, f(x,y,...,z) is an arbitrary function of its arguments and W; is the Darboux

integral of the Liouville equation (3.21)) along the direction n, given in [2] by

tmn(l"'_tmfl n) tmn
Wi (1 =) i)
! tm—l,n tm+1,rL(1 + tm,n)
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satisfying . Equation is the equivalent of formula introduced by Zhiber and Shabat for the
continuous Liouville equation.

Choosing p=—1and N =1 in we obtain the most general generalized symmetry depending at most
on the five points t;—2.n, tm—1.n) tmns tmti,n a0d tygon

m,n(l + tm—l,n)

m—1n

dtm
de

t -1 _
= (14 tyn)(T1 — 1)(1 n ) b g (T W, W), (3.24)
If 0,9(x,y) # 0 and Oyg(z,y) # 0, then we get a five-point symmetry; if 0,9(x,y) = 0 and 9yg(z,y) # 0, then
we get a four-point symmetry depending on the asymmetric set tp_1.n, tm.n, tmt1,n a0d tmgan; if Ozg(z,y) # 0
and Gyg(x, y) = 0, then we get a four-point symmetry depending on the asymmetric set tm—2 0, tm—1n, tm.n
and ty,41,; finally if g =1 we get the three-point symmetry

dtm
de

m,n(l"i'tm—l,n) -1
)t

m—1n

= —(1+ twmn)(T1 — 1) (1 4! (3.25)
which doesn’t depend on any arbitrary function. As it is evident from there is no way that we can get
a Lie point symmetry in agreement with the results presented in [I9, 20]. The lowest possible symmetry is a
generalized symmetry depending on three points (3.25]). Equation is symmetric in the exchange of the m
and n indices. So the symmetries in the n directions are trivially given by with 77 substituted by T and
the shifts in m substituted by shifts in n.

4. CONCLUSIVE REMARKS

In this note we presented a set of results partially distributed in a series of articles of different authors concerning
the presence of symmetries depending on arbitrary functions both in the continuous and in the discrete setting.
Few of the words associated to these systems are Darbouz integrable systems, linearizable systems, factorizable
differential operators but not all necessarily proved to be connected to the presence of symmetries depending on
arbitrary functions. Darboux integrable systems in two independent variables are systems, studied primarily by
G. Darboux, characterized by the presence of at least a couple of conserved quantities in the two independent
variables. As far as it is known in the literature Darboux integrable systems are linearizable and the primary
example is the Liouville equation which has also arbitrary function dependent symmetries, both point and
generalized [38].

Here we showed that generically first order PDE’s have symmetries depending on arbitrary functions as
the symmetry determining equations are characterized by just first order PDE’s which can be solved on the
characteristics in term of arbitrary functions of the symmetry variables. These same symmetries can be found
in PDE’s of higher order when the differential operator is factorized in the product of lower order ones which,
at the bottom, is just a first order one. Tsarev in [34] correlate Darboux integrable systems with factorizable
differential operators.

The situation is less clear in the discrete setting. The classification of Darboux integrable systems is not
complete for PAE’s even on the square graph. Few results [2] [35] are known on factorizable difference operators in
the framework of Darboux integrable systems and symmetries. Nothing has been done up to now to characterize
partial difference equations whose symmetries are written in term of arbitrary functions of symmetry variables.
Moreover, let us notice that the generalized symmetries we obtain for Darboux integrable equations as ,
and do not define, in general, S-integrable differential difference equations. Indeed these symmetries
do not always satisfy the necessary condition for the S-integrability, that the highest order shift in the lattice
variable is the opposite of the lowest one [23] 36].

As a result of this note we can conjecture the following theorem:

Theorem 1. Necessary and sufficient conditions for a PDE and a PAE to have symmetries, possibly point but
surely generalized, depending on arbitrary functions is that the system be Darboux integrable.

Some of the results presented here are new and never presented anywhere. Among them let us mention
the structure of the Lie algebra of the symmetries of the Hopf equation, the fact that both for PDE’s and
PAE’s generalized symmetries characterized by arbitrary functions provide master symmetries. Moreover the
calculations of the generalized symmetries, the Darboux integrals and the linearizing transformation for the two
nonlinear quad graph equations introduced by Hietarinta are new here as well as the generalized symmetries for
the completely discrete Liouville equation and the Darboux integrals for ; H 1(6).
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