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ABSTRACT.

The aim of this article is to describe several cubature formulas related to the Weyl

group orbit functions, i.e. to the special cases of the Jacobi polynomials associated to root systems.
The diagram containing the relations among the special functions associated to the Weyl group orbit
functions is presented and the link between the Weyl group orbit functions and the Jacobi polynomials
is explicitly derived in full generality. The four cubature rules corresponding to these polynomials are
summarized for all simple Lie algebras and their properties simultaneously tested on model functions.
The Clenshaw-Curtis method is used to obtain additional formulas connected with the simple Lie

algebra Cj.
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1. INTRODUCTION

The purpose of this paper is to explicitly overview in
full generality the link between the Weyl group orbit
functions and the Jacobi and Macdonald polynomials
and further examine and compare related methods of
numerical integration. These methods of numerical
integration, known as cubature rules, emerged recently
for all four cases of the Weyl group orbit functions.

The four families of the Weyl group orbit functions
[10, 18, 19) 26l B0] are connected to four families of
orthogonal polynomials via similar relations between
Chebyshev polynomials of the first and second kinds
and the ordinary cosine and sine functions. A full set
of four families of orbit functions, called C-, S-, 5*-
and S'-functions, arises from root systems of simple
Lie algebras with two different lengths of roots. These
four families of orthogonal polynomials are in fact
special cases of the multivariate Jacobi polynomials
[11, 12]. The Jacobi polynomials associated to root
systems are in turn limiting cases of the Macdonald
polynomials [24]. This connection between the four
cases of the Jacobi polynomials and the underlying
orbit functions allows to formulate the corresponding
methods for numerical integration in terms of the
Jacobi polynomials.

Among methods for numerical integration, the
quadrature and cubature formulas related to polyno-
mials of a bounded degree hold a prominent place [I} [6l-
8, 135, [38]. Such formulas estimate a given weighted
integral over a fixed domain in Euclidean space. This
estimation holds exactly for all polynomials up to a
certain degree. A significant effort put into develop-
ment of various types of cubature formulas results
in multitude of types of integration domains with
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varying efficiencies. The shapes of the integration
domains and the nodes for cubature formulas corre-
sponding to the orthogonal polynomials of the Weyl
group orbit functions are determined by the symme-
tries of the affine Weyl groups and a certain transform
[15, 22, 23], 26], 27]. This transform is generated by the
transform which induces the given set of orthogonal
polynomials. Moreover, a specific notion of the modi-
fied degree of multivariate polynomials is essential for
establishing the final cubature formulas.

One of the specific methods of deriving quadrature
formulas, known as Clenshaw-Curtis method [3], is
classically related to Chebyshev polynomials of one
variable [9]. Its two-dimensional version related to two-
variable Chebyshev polynomials of the root system A,
is also developed [31]. The importance of this method
lies e.g. in its utilization for practical optimization of
the shapes of integration domains. The shapes of the
integration domains are determined by the underlying
Lie algebra [15] and are, however, of non-standard
form. In case of simple Lie algebras related to two-
variable functions, one of the possible optimizations of
these shapes is, similarly to [31], inscribing a triangle
into the original fundamental domain. The focus of
the present article is on simple Lie algebra C5 and its
corresponding cubature rules.

The integration domain in the case of C5 is a region
bounded by two lines and a parabola depicted in Fig. [4]
Except from a general perspective in [15] [26] [27], inte-
gration over this region is studied in [32]. Similarly to
[31] for Ag, the non-standard shape of this integration
domain motivates further exploration of the Clenshaw-
Curtis method. This method crucially depends on the
choice of the weight function and the inscribed integra-
tion region and has not yet been studied in detail for
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the case of Cy. In this case, the domain inscribed in
the original integration region is considered either the
original domain itself or the triangle depicted in Fig.
[[] Two fundamental choices of the weight functions
are detailed. Prior to practical implementation, exact
values of certain integrals are also needed. One of the
goals of this article is to provide all data necessary
for practical implementation of these cubature formu-
las. This is achieved by tabulating and calculating
all needed stabilizer coefficients and exact integral
values for each choice it the inscribed integration do-
main and weight function. To demonstrate usefulness
and viability of the presented methods, the numerical
tests on model functions, including multidimensional
step-functions, are also performed.

The development of novel cubature formulas is mo-
tivated by their widespread use in applied numerical
simulations and engineering problems. Among direct
numerical applications of the cubature formulas is the
induced method of polynomial approximation. The
cubature formulas are ubiquitous in the modern the-
ory of electromagnetism, especially in its branches
of electromagnetic wave propagation [33], magneto-
static modeling [39] and micromagnetic simulations [4].
Other fields include fluid flows simulations, laser optics
and stochastic dynamics.

In Section 2] are reviewed the notions necessary for
definition of the Weyl group orbit functions. The
relation between the orbit functions and the Jacobi
polynomials is detailed. In Section [3| the cubature
formulas from [I5] 26], 27] are summarized, Clenshaw-
Curtis method is described and used to derive addi-
tional cubature formulas. Furthermore, numerical test
results are presented.

2. SPECIAL FUNCTIONS ASSOCIATED
TO ROOT SYSTEMS

2.1. BASIC DEFINITIONS

This section reviews the basic concepts and notation
from the theory of root systems, Weyl groups and
Weyl group orbit functions. It is consistent with the
notation used in recent papers regarding the topic,
such as [10, [I3HI5, 26] and others. We consider sim-
ple Lie algebras, i.e. four infinite families A,,(n > 1),
B, (n > 3), Cph(n >2) and D,(n > 4) and five excep-
tional algebras Fg, E7, Eg, Fy and G2 (for the clas-
sification see 2] [T6]). In particular, we focus on the
algebra Cs as the simplest non-trivial example. Each
simple Lie algebra is completely described by its set
of simple roots A = {ay, ..., a,} which forms a non-
orthogonal basis of the Euclidean space R™ equipped
with a scalar product denoted by (-, -). Simple roots
are either of the same length or of two different lengths,
in the latter case we distinguish so-called short and
long roots and write A = Ag U A,.
The set of dual roots is denoted by

where o) = <a2,a;,> . In addition to the bases of simple

roots and dual roots we introduce the weight basis
w1, - . - ,wy and the dual weight basis wY, . .. ,w,) where
(o), wj) = (i, w)) = di5. The Cartan matrix C

is defined as Cj; = M and its determinant is
<O‘J ’ aJ>
denoted by c.
Each simple root «a; relates to a reflection r; defined

for every a € R™ as

2{a, a;)

ria=a-—
’ <ai7 az)

i
The set of reflections {ri,...,r,} generates a finite
group W called the Weyl group. By the action of W on
the set of simple roots we obtain the root system II =
W A. Analogously, we define IIY = WAV, II* = WA,
and IT' = WA,. Every element of II can be written as
a combination of simple roots with only non-negative
(positive roots) or non-positive integer coefficients
(negative roots). The set of positive roots is denoted
by II.. We define a partial ordering < of roots, u < A
if 4 — X is a sum of simple roots with non-negative
integer coefficients. There is a unique highest root &
with respect to this ordering, its coordinates in the
basis of simple roots are called marks and denoted by
m1, ..., my. Dual root system IIV contains the highest
root n = myay + -+ + mY«a) with the coefficients
m; called dual marks.

An infinite extension of the Weyl group W is the
affine Weyl group W2 which is obtained by adding
to the set of generators of W the affine reflection rg,

roa = Tea + % rea =a — 2a, &)
€8 - (& &)
It can also be written as a semidirect product of W and
a set of shifts by integer combinations of dual roots [13].
We denote by v the retraction homomorphism Waf —
W [14]. The fundamental domain F - a set containing
exactly one point from each W2 orbit - can be chosen
as

I3

F={bw+- +byw |
b € RZ%, by +bymy + -+ +bym, =1} (1)

Analogously we define dual affine Weyl group as a
semidirect product of W and shifts by integer combi-
nations of simple roots.

We introduce three lattices P, P and PV as

P =7Zw + -+ Zwn,,
Pt =722% + - + Z2%,,
PV =Zw! + -+ Zw,.
Note that the root system II is contained in P, there-
fore, the partial ordering < can be extended to the

lattice P.
A function k: a € II — k, € R20 such that

ko = ky(ay foral weW
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is known as a multiplicity function on II. The trivial
example is to take k, = const for all a € II which
we denote by k¢™st. For simple Lie algebras with
two different root lengths, it is natural to distinguish
between short and long roots by defining

b — 1 if a€II®, = 0
“ o ifaelll, |1

The notion of multiplicity function allows us to
define sums of positive roots o(k) and numbers h(k),

if a € 11°,
if o € TIL.

1
o(k) = B Z kqa, (2)
aclly
h(k) = ke + > mike
i=1

In particular, with the choice of k! , where ¢ is one of
the symbols {0, 1, s,1}, we have

0’ = o(k%) =0,

Ql Q(kl) = Zwia
1=1

a; EA
o =ok) = w (3)
€N
and
h® = (k%) =0,
W =hkE) =1+ mi,
1=1
W =h(k*)= > m
a; €A,
Rt =h(k) =1+ Z m;. (4)
a; €A

The number h = h! is called the Coxeter number,
analogously, we call h* and h! short and long Coxeter
number.

The set of simple roots A = {a1, as} of the algebra
C5 decomposes into the set of the short simple roots
A = {1} and the set of the long simple roots A; =
{az}. The highest root is of the form & = 2a; + ay
and the dual highest root is n = a) + 2ay. Thus,
the sets of mark and dual marks are (my, mg) = (2,1)
and (my,my) = (1,2). The vectors o' are of the
form (o', 0%, 0') = (w1 + wy, w1, ws) and the Coxeter
numbers are (h',h* k') = (4,2,2). The roots and
dual roots, the weights and dual weights, together
with the fundamental domain F' and the vectors o
are depicted in Figure

2.2. WEYL GROUP ORBIT FUNCTIONS

The definition of Weyl group orbit function uses the
notion of a sign homomorphisms ot : W +— £1, where
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FIGURE 1. Root system of C>. The white circles
denote the roots, black dots depict the dual roots.
The triangle denotes the fundamental domain F'. The
lines denoted 71, 72 and 7o depict reflecting mirrors
which realize the corresponding reflections.

t € {0,1,s,l}. These can be defined by the values on
the reflections corresponding to the simple roots r;,

namely
(7"7;) = 1, o; € A,
ol(ri) = -1, @ €A,
s( ) 1 if a; € Ay,
o \Ty) =
-1 ife; € AS,
O'l(Ti) _ 1 if a; € As,
-1 ifo; €A

Several families of special functions are connected
with each Weyl group W. They are labelled by
vectors A € P' and defined as weighed sums over
the corresponding Weyl group orbit, i.e. the set
WA = {wh | w e W} For every z € R" and
t €{0,1,s,l} we define

Slp@ = 3 otwemien, ()
REW (A+0")

where o' is given by (3) and o'(u) = o' (w) for w such
that p = w(\ + ). Functions corresponding to the
choice of t =0 and ¢ = 1 are usually called C- and S-
functions respectively, in the formulas in next sections
we use the notation S and S* for a simplicity.

Families of C-, S-, S*- and S'-functions are com-
plex multivariate functions with remarkable properties
such as (anti-)invariance with respect to the action
of the affine Weyl group, continuous and discrete or-
thogonality. They were studied in many papers, see
for example [I8|, 19, 26] for the general properties
and [I3] [14] 28] for their discretization.
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Fundamental domains ¢ are defined as subsets of
F such that we omit the part of the boundary of F
which is stabilized by certain generating reflections
r € R = {ro,r1...,mn}. More precisely, with the
notation

R'={reR|d oy(r)=-1},
H'={a€eF|3IreR ra=a},

we define F* = F\ H'. The explicit forms are obtained
from and can be found in [I4].

The C-, S-, S*- and S'-functions can be viewed as
functional forms of elements from the algebra C[P]
containing all complex linear combinations of formal
exponentials e*, a € P, with multiplication defined
by e - e’ = e‘”b the inverse given by (¢%) ' = e@
and the identity e = 1. The connection is based
on the exponential mapping from Lie algebra to the
corresponding Lie group [2] [16] [27].

2.3. JACOBI POLYNOMIALS

We assume that the multiplicity function k satisfies
ko > 0. The Jacobi polynomial P(A, k) [111 [12] associ-
ated to the root system II with highest weight A € P+
and multiplicity function k as parameter is defined by
the following formulas.

POVK) = D exu(k)Cy > e
uepPt wewnu
n=A

where the coefficients ¢y, (k) are recursively given by
(A + (k). A+ o(R)) = (1 + o(k), 1o + o(k))) exu(k)

-9 Z Ko Z(u + ja, a)en uyja (k)

a€clly j=1

along with the initial value cy) = 1 and the assump-
tion ¢y, = ¢y w(y) for all w € W. Recall that o(k) is
defined by .

By setting k, = 0 for all a € II, the Jacobi poly-
nomials lead trivially to C-functions. In the case
k = k', the formula for the calculation of the co-
efficients becomes the Freudenthal’s recurrence for-
mula [I6]. Therefore, each P()\, k') specializes to a
character x, of an irreducible representation of the
simple Lie algebra of the highest weight A, i.e.,

POLKY) = x5 = T

4

In addition, we show that the Jacobi polynomials are
related to the S°- and S'-functions in the following
way.

l

S\
and P(\ k') = 2Fe

S5 s
P(/\7 k3) Ao 5
o

S5,

We first observe that S5, . /S;s are Weyl group
invariant elements of C[P] (see Proposition 4.2 of [26])

with well-known basis formed by C-functions [2].
Therefore, each S5 | o /S o+ can be expressed as a linear
combination of C-functions. By the definition of the
Weyl group, the weights of exponentials in S oo are
of the form A+ 0°—g(a1,. .., ), where g(aq, ..., a,)
denotes a sum of simple roots with non-negative in-
teger coefficients, and the unique maximal weight is
A+ ¢°. Similarly, the unique maximal weight of S3.
is 0°. Therefore, we have

”9 = bCu br=1

pept
n=A

To prove b, = ¢, (k*), we proceed by using an equiv-
alent definition of Jacobi polynomials with the mul-
tiplicity function satisfying k, € Z=2° [I2]. For any
=3, axe*, we define

f= ZE,\E_)‘ and CT(f) = aop.
y

If we introduce the scalar product (-

(f, )z T(fgs(k)23(k)%), f,g€C[P),
k)% = H (3 —e3o)"e,
eIl

;+) on C[P] by

then the Jacobi polynomials P(\, k) are the unique
polynomials of the form @ satisfying the requirement

(P(A\ k), P(,k)) =0

for all 4 € PT such that y < X and A\ # p assuming
Ca\\ = 1.

Using Proposition 4.1 of [26], i.e. 0(k*)z = Sps, we
obtain

e S; R

_CT( Z > US()\’)US(;L’)eX”/).

NEW (A+o°%) p' €W (u+e°)

Clearly \' = p/ if and only if there exists w € W such
that A\ + 0®* = w(u + o). For we consider A\ € PT
different from g € PT, it is not possible to have
N = p/. This implies that

Sive Sire Sii
=0 and P(\ k%) = 2Fe
( Ss. 'S ) and - POLEY) =g

The proof for the long root case is similar.

Finally, note that the Jacobi polynomials can be
viewed as the limiting case of the Macdonald poly-
nomials Py(q,t,) when t, = ¢ with k, fixed and
g — 1. See [24] for more details. The relations among
several special functions associated with the Weyl
groups, which are summarized in [29], are depicted in

Figure
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P/\(‘L ta)> to = qkﬂ

LMacdonald polynomials [24}

\ 4

q— 1, k, fixed

J acobi polynomlals associated to root systems [11
P(), k) (Section [2:3)

ke {KO K}

C-functions and S-functions [18] [19]
C = PO\ K°)
Syppt = P()\, kY)S,

A, Go B,, and C,

v

\ke‘{k’ k]

S*-functions and S'-functions [26]
S5 pe = P(AK°)SS
S = POLEDS,

Go , and C,,

v

@ [C’Ck and S5y [21} [coa and sin~ [I7

j [SCk and CSy |21 j cos™ and sint [17}

Az

2-D Jacobi polynomials

A
! on Steiner’s hypocycloid [2[]

4

2-D Jacobi polynomials p,C
with o, 8,7 € {:I: } [2()

o B e {£1)

Ty Uy Vin and Wiy,

LChebyshcv polynomials [9] |

‘ Jacobi polynomials [36]

Pl

F1GURE 2. The diagram of relations among several special functions associated with Weyl groups.

3. CUBATURE FORMULAS

3.1. GENERAL FORM OF CUBATURE FORMULAS

Analogously to Chebyshev polynomials, we identify
polynomial variables yi, ..., y, with real-valued func-
tions in the following way. Let z; = C,,, then

Agg yj = R(25), Yar—j1 = S(25), 5 =1, k,
A2k+1 Y; = 8%( ) Yk+1 = Rk+15 Y2k—j+2 = ‘Y(ZJ)

Dopy1: yj = 2j, yar = R(221),

E¢:y1 =

otherwise we put y; = z;. We say that a monomial
Y ...y has an m-degree

and any polynomial p in Clyi, . .., y,] has an m-degree
equal to the largest m-degree of the monomials oc-
curring in p. We denote the subspace containing all
polynomials of m-degree at most M by II,;. For
A= Mwi + -+ Awy, the C-functions Cy and thus
all Jacobi polynomials P(\, k) can be rewritten as
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orthogonal polynomials in variables y1, ..., 4, of m-
degree equal to my Ay + -+ - +my A, [15].

The variables y1,...,y, viewed as functions induce
a map

2R >R E(z) = (y1(x),...,yn(x)).

= is used to define the integration region 2
,t e {O,l,s,l} by

The map
and the sets of nodes Q)

Q= =(FY, ——__P¥n Ft)

Let

Stabyyas (x {w e waf ‘ wr = 33}
W]

@) = b @]

and define a map £: Q9, — N by

(1]

ely) =e(E31y), Em =

Denoting K (y1,...,Yn) = 1/S,1 5,1, the weight

functions are given by

JVI+}thmFO ’

St(yl,”wyn) = SLt)tSZ)t’

t

sSt(yi, .o, Yn
wt(yh..-,yn)EM, te{0,1,s,1}.
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20 +by=1

=<

& —o—o——0——o-mb I
1 4 4 4 4 2 9

a:b=0

FIGURE 3. The fundamental domain F = F° of Cs
is depicted as the triangle with dashed boundary H°®
and dot-and-dashed boundary H'. The black dots
correspond to the points from 1—10Pv N F'. The numbers
1,2, 4 of the dots are the values of e(x), the inner dots
have () = 8.

Since the products SZtSZt,t e {0,1,s,l} are W-
invariant sums of exponentials from C[P], they
are expressible as functions in polynomial variables

YiyeeoyYn-
In [15] 26 27] is shown that the following cubature

formulas are exact equalities for any M € N and any
polynomial p which satisfies the following constraints,

e deg,, p<2M — 1 for t € {0,1},
o deg,, p <2M +1 for ¢t € {1, s}.
Thus, it holds that

K 2 \" N
= —_— y 7
v Graw) 2 Ews ), )
yEQﬁw
where
2-L2)  for A,,
K = % for D2k+17
i for E67
1 otherwise.

To numerically compare the efficiency of these cuba-
ture formulas, we may consider an integrable function
f, such that f/w!' is well defined on Q},, and rewrite
the cubatures (@ in the following form:

1(f) = /Q F(y)dy ~ Ty (1), (8)
140 = 57 ) X SWE ).
yEQ,

3.2. CUBATURE FORMULAS OF (s

In this section, the general cubature formulas are
specialized and tested on model examples for the case
of algebra Cy. The region F* of Cy with the points
from 1—10Pv N F! is depicted in Fig. |3, whereas the
corresponding integration region 2 with the trans-
formed grid points is depicted in Fig. [d] Note that

Y2
1 1
e ‘ v
? = cqe = 2L
Y E(B) ya= é
EY 3 VES
LN 44
4
\ 2 y
(SN Y
\_\‘4 -1’/{/
4"\ BN . s
NoNod [P
N e 4 . 7
1 ~_ol"
4 3 —5\ 1 0 1 72 3 3 n
\ y
Noe o /
Q L
4%
\ /.’
E(Y) ryp=—-2y1—4 \g F =
(CORE" Y e o E(a):y=2y —4
\
N
R | P
4 Ay
Y

FIGURE 4. The integration region 2 of C> contains
the points of the grid Q9. The inner points of €
corresponds to the grid O3, the points not lying on
the dashed boundary corresponds to the grid Qg and
finally, the points not lying on the dot-and-dashed
boundary corresponds to the grid Q. The num-
bers 1,2, 4 are the values of £(y), the inner dots have

(y) =8.

the numbers of points in grids Qf,,t € {0,1,s,1} are
the same. Fixing the basis x = bjw) + bawy results
in the polynomial variables expressed as

= 2(005 m(2b1 + ba) + cos 7rb2),

Yo = 2(cos 2m (b1 + ba) + cos 27by ).

Formula specializes into

2
()= E(y) K
yeQ),
where:
e M € N is arbitrary;
e h=1,h' =4and h®* = h! =2;
e the integration region (2, depicted in Fig. [4] is
bounded by two lines y» = +y; —4 and the parabola
2
Y2 = 4
e the finite grid Q}, , depicted for M = 10 in
Fig. 4), consists of points (yi(z),y2(x)) where

T = gripewy + griprws with s} satisfying
s €220, 250 4 55 < M,
s;€2”°, 251 + sy < M + 4,

257 +s5 < M +2,

i
s5e€72% 55 €270,
b 2sh +sh < M +2;

sy € Z>O,512 e 72,

e the weight function K becomes

K(y1,y2) = \/(yf —4ya)((y2 +4)% - 4?/%);

o the weight function ¢ is equal to

if (ylv y2) = (147 4)3
if (y17 y?) = (07 _4)3
if (y1,y2) is an inner point of €,

ely) =

= 00 N

otherwise.
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10—3 o
" 00 20 20
flysye) = alyr —yive+v2)
60 T
40 8
o ! 8
20 © 90
egooo
0 90000000000
0 20 40 60 80 100 120 140 160 180 ]\[
10 q3
fs(y1,42) = ————
0 (n.2) = 77 yi +us
o
40 °
0 20 40 60 BD 100 120 ’ 140 ’ 160 180 A/[

107
o > ) g
ol o Folyr, 1) = a2 (e—(y1+(y2+1,8) )/2x0.302)
40
20 o

10—3

o Fay1, v2) = e

60

40

%0
0 20 40 60 80 100 120 140 160 180 A[

-3 ¢ 2 2
1073 5 + (yp+1.5)°<1
Fs(y1, 12) = a5 y1h (y. )

6 0 o o otherwise

0 1
40 4 o0 o

s+ °

0o
20 o
Oo S
-0 8 908,948 04" ° o
& 0,06 0.0 .0
0 C.q 6°9.%9 °¢89(> 0R0a20890
0 20 40 60 80 100 120 140 160 180 ]\[

FIGURE 5. The graphs of error values |1 — I4;(f;)| of the integral I(f;) = 1 and its estimations I%,(f;), M =

10,15, 20, . . .,

For the purpose of numerical tests and comparison,

we choose

( —Y1y2 + y%o),
( —(y?+(y2+1.8)%)/2x0. 352)

fi(y1,92) =
)=
) Q3
)=

(
fz(yhyz
f3(y17y2
f4(y17y2

qs if y + (y2 + 1.5 2
f5(y17y2) = ! ( )
0 otherwise.

as model functions. Each value of ¢; € R is set to
satisfy the condition I(f;) = 1. Fig. [5| shows for
M =10,15,20,...,195 and ¢ € {0, 1, s} the graphs

of the absolute value of the difference |1 — I%,(f;)].

Note that the cases t = s and t = [ give the same
results since h* = h! = 2 and K (y) f;(y) vanish on the
boundary of €.

4. CLENSHAW-CURTIS CUBATURE
FORMULAS

4.1. CLENSHAW-CURTIS METHOD

Assuming that we have an interpolation of a function
f in terms of P(\, k') € IIjs in points Qf,, i.e.

fr Y BAP(AEY,
XepPt
Am<M

208

195 given by . The values for t = 0, 1, s are depicted as circles, “+” signs and diamonds, respectively.

(AN ESy), yeQy

= D B

repPt
Am<M

we estimate a weighted integral of f with a weight
function w over a domain D C 2 by

be/ (A K y)w(y) dy.
AeP™

(Amy <M
Such construction of the Clenshaw-Curtis cubature
rule implies the exact equality for any polynomial f
of m-degree at most M. Denoting

ol (w) = /D PO K y)w(y) dy,

the Clenshaw-Curtis cubature is thus given by

/ fly y)dy ~ Z bial (w
XepPt
Am<M
where the coefficients b and af(w) need to be de-
termined. The coefficients b} are readily obtained
using the discrete orthogonality relations of the orbit

functions from [I3] [14]. Denoting the order of the sta-

’\':_‘;Lt with respect to the dual affine Weyl

it holds that

bilizer of
group by hY

Aot

‘ Stabw()\ + Qt)|2

AWM + )Ry, .

stys

yeQy,

b, =

(y)P(\ kt;y).  (10)
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0
A(/\h/\z)

64(4p3+4p12—3)

(A1, A2) = (2i,25) 2 (1, 12)EM(2,2) TStaby (37, 2J>|(u1( 1) (43— )(4313—9)
B ) ) —64(4ps+4p1pe+3
(A1, A2) = (20,25 + 1) Z(m,uz)eM(%,?jH) | Staby (24,25 +1)| (13 —4) (4u3—1) (413 -9)
Otherwise 0
1
A(Aw\z)
. 32(i4j+1
(A1, A2) = (24, 25) (2i+4j+3()(2(Jj+1)))(2i+1)
. 32(j+1
(A1, A2) = (20,25 + 1) (2i+4j+5)(2ij+2j+3)(2i+1)
Otherwise 0
A?Al A2)
o o 8(p1+p2)
(A1, A2) = (2i,25) D (jun i) EME (2i+1,2) \Stabw(2(i+1,2j);\u2fu%—1)(u3—1)
_ P —8(p1+p
(A1, A2) = (26,25 + 1) Z(pl,u2)€./\/(§(2i+1,2j+1) W
Otherwise 0
1
A(Aw\z)
o 32
(A1, A2) = (24, 25) ( (p1,p2) €M (20,2541) Z(m p2) €M (24, 2J+1)) |Stabw(2i,2jf12)|u1(4,u§71)
o 16(2u1 2 +1)
(A, A2) = (24,25 + 1) (Z(,ﬂ,uz)e/\/ﬂ (2i,2j+2) Z(m,uz)e/\/l‘ (24, 2J+2)) | Stabyy (21, 2]+2;|(2 1)(4u3-1)
Otherwise 0
A1
2
M()\lv)\Q) {()\1 +)\2, +)\2) (>\27 2 +)\2) ()\1 +>\27 2 ) ()\2’ )}
Mi(A1, A2) {()‘27 % T ), ()‘2’_71)}
MM, o) {(A1+/\2,—+A2) (A1 42,39}
1()\17)\2) {()\14‘)\2, +)\2) (>\27%+)\2)}
l2(>\1,)\2) {()\1+)\27 2 ()‘2 771

TABLE 2. Values of A% for t € {0,1,s,l}, A = Aiw1 + Aow2 and ¢,j are non-negative integers.

[)\0, Al, )\2] ‘ StabW ()\ + Qt)| h\A/Jrg,,
(%, %, %) 1 1
(0, %, %) 1 2
(%,0,%) 2 2
(%, %,0) 2 2
(0,0, %) 2 4
(0,%,0) 2 8
(%,0,0) 8 8

TABLE 1. The values of | Stabw (A + ¢")| and Ry, ¢ of
C, where )\—l—gt = Mwi+dows and \g = M+ht =\ —
2X2. Asterisks denote non-zero positive integers.

It remains to evaluate the integrals a (w) which de-
pend on the chosen weight and the integration domain
D c Q.

Since the Jacobi polynomials have several properties
connected to the domain Q (e.g. continuous and
discrete orthogonality), we firstly take D = Q. The
cubature rules with the choice w = w! coincide for
any simple Lie algebra with the formulas . The
difference lies in the fact that Clenshaw-Curtis method
guarantees the exact equality only for polynomials up
to m-degree M.

4.2. INTEGRATION DOMAIN ) OF (9

In this section, the Clenshaw-Curtis integration
method is applied to the algebra Cs. The values
of |Stabw (A + ¢')| and Ay, ., needed in (10), are
tabulated in Tab. [Il

Since the choice of w = w! gives standard cubature
formulas, the next natural choice of the weight func-
tion is to set w = 1. In this case are the coefficients
ak (1), denoted by AY, expressed as the following inte-
grals:

Jr Cx(2)S 1 () da ift=0,
Saiot(z)dx ift=1
At =9 2 fF Ato ’ 11
A Jp S5 (@S, (@) du ift=s, (11)

I Sf\+gl (x)S5. (x)dx ift =1.

The exact values of A% are explicitly calculated in

Tab. 2

4.3. TRIANGULAR DOMAIN OF Cy
The next choice of the domain D, for which we derive

the Clenshaw-Curtis cubature rules, is the triangle
T C Q depicted on Fig. [f] and given explicitly by
T= {(y17y2 ‘yz 0, —5—2< <%+2}.
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'A(()/\w\z)
(A1, h2) = (0,0) o
g\tlli )\2).2 (24,25 + 1) é—l)iﬂ S I G D)
erwise
At
<)‘1v ) (070) 27 + 138
(A1, X2) = (20,2)),i+7#0 (=1)F 2z+2j+l)(;j28(11)_‘z;;’_+12)j+3)(2j+3)
(O>\t11; )\2).: (24,25 +1) é ™ 2J+1) 21+2j1—?-81)J(;—$-3)(21+2]+5)
€erwise
Al
(A1, X2) = (0,0) 7+ 8
(A1, A2) = (26,2),i+j #0  (=1)"F \Stabw(2i+1,2j)\(2;i1)(2i+2j+1)(2j*1)
g\tzgi),i:e (24,25 +1) (() I9ka (2j+1)(2i+2j1-?-3)(2i+2j+1)
Al(AhAz)
(A1, X2) = (0,0) 2
(O>\t1}; )\2).: (24,25 +1) (=1) [Stabw (21, 2J+2)‘1(3?5:;51)2(2]3113))(2#2%1)(2J+1)
€erwise

TABLE 3. Values of A5, given by (12), for ¢ € {0,1,s,1} and A = Ajw1 + Aowz. The indices 4, j are non-negative

integers.

FIGURE 6. The domain bounded by the two lines and
the parabola with the inscribed triangle 7" corresponds
to the integration region 2 of Cs.

Choosing the weight function w = w?, the integrals
al (w') are calculated by a change of variables induced
by the map =. Denoting A} = af(w?), it holds that

t—on? /P Ship (@S (@) dz,  (12)

where P is the pre-image of the triangle T' under
the map =. This pre-image P, depicted as a square
in Fig. [7] contains the points bjwy + bows satisfy-
ing 2by + by > 1/2, 2by + by < 1, by > 0 and
by < 1/2. The exact values of A} are tabulated
in Tab. B

Finally, choosing w = 1, we calculate the coefficients
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*312b1+'_>=% P §:2by+by=1

a:by=0 w;/

FIGURE 7. The fundamental domain F' corresponding
to O is depicted as the triangle containing the square
P with the boundaries «, 8,y and 4.

B} = al(1) on T as the following integrals

[p Cx(2)Sg (x)dz ift =0,

Bl = o2 | Jp (@) da fr=1
A I S§\+Qs(x)52l(x) dr ift=s,
Jp S5, (@) Sse () da if t =1.

The exact values of Bﬁ\ are tabulated in Tab.

We choose the following functions as model func-
tions for numerical tests,

91(y1,92) = (W7 — yryz + 45°),
92 (y1,y2) = 12 (e—(y%+(y2+1.8)2)/2x0-352),
T3
93(y1,y2) 1+y% Ty
( ) z+y
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0
B()\h)\z)

()‘1» )‘2) = (07 1)
(A1, A2) = (2,0)

(A1, A2) = (24,2),1 #0
(A1, A2) = (2i,1),i #0

(A1, A2) = (20,2 + 1), #0

16(1+(=1)"*+)
3i(i+1)
2 14+(2i4+1)(—=1)° 1
16 {(21+3)(2¢—1) + 3i(i+1)

64 [ —1+(2j+1)(—1)7 I —14(2i425+1)(—1)*"I }
[Stabw (27,27+1)] | ((2i+27+1)2—4)((2j+1)2—1) ' ((2i+2j+1)2—1)((2j+1)>—4)

o o 14 (~1)i*I 14 (=1)?
(A1, A2) = (24,25), ) # Li+j#1 \Stabul/6(2i,2j)\ [((z‘+j)2(—1))(4j2—1) + (4(i+j)2(—1>)(j2—1>}
Otherwise 0
1
B(Aw\z)
o 4014+(=1)'*)
(A1, A2) = (24, 2)) GtitDiT)
s o —4(14(-1)7)
(A1, A2) = (24,25 + 1) @2 G+
Otherwise 0
Bf>\17>\2)
()\1) A2) = (O? 0) 8
(A1, A2) = (2i,1) EFIETD

(A1, A2) = (24,25),i+j #0

8(14(2i42j+1) (=1 1)
[Stabyw (2i4+1,25)[(i+5+1)(i+7)(452—1)

8(—1+(2j+1)(=1)%)
(20425+3)(2i+25+1)5(5+1)

Otherwise 0
!
B(Ah)\z)
()‘1» )‘2) = (07 0) 8
) . i —1)tt!
(At Aa) = (20,0),i # 0 8[ 2 + ]

()‘17)\2) = (2272J)a.7 7é 0
(A1, A2) = (24,25 + 1),

Otherwise

4 242414 () T | 2414 (-
[Stabw (20,2 +D)] [ (Hi+D25+1)6+)) T 2i+25+1)(G+1)]

16 [ (=1 (=1 ) (G+5+1) +(71+(71)7"+-7“>(j+1)}
[Stabw (26,2j+2)] | (2i+25+3)G+1)(2i+25+1) | (i +1)(2+3)(2j+1)

0

TABLE 4. Values of B, given by , for t € {0,1,s,1} and A = AMw1 + Aow2. The indices 4, j are non-negative

integers.

0 otherwise.

95(y1,92) :{

Each value of r; € R is set to satisfy the normal-
ization condition [, ¢;(y)dy = 1. We compute the

approximations

Ti(g:) = Y bABY
AepPt
Amy <M

of [.gi(y)dy = 1 with the formula for B given
Figs. [8] and |§| show for ¢ € {0,1,s,l} the

by .

rs if y? + (y2 + 1.5)2 < 1,

graphs of of the absolute value of the difference
11— T3 (g:)-

5. CONCLUDING REMARKS

(1.) Establishing the explicit connection between the
Jacobi and Macdonald polynomials and the Weyl
group orbit functions in Section [2.3] forms a crucial
step for generalizing known cubature formulas to
the entire class of the Jacobi polynomials.

(2.) Numerical tests results in Figs. [f] and [§] indicate
in general excellent convergence rates of the devel-
oped cubature rules including their Clenshaw-Curtis

(14)
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-3 _ 20 20 -3 (2 2 2
10 !]1(?/17 y2) = 7’1(3/1 — Y1y2 + Ys ) 10 [e] 92(y1, y2) =179 (e (y1+(y2+148) )/2X0'35 )
100 100
x
° <
o 6 §°
50 X 50
Xo X%
< X Y °°2° X

0 n,,iioéa-x o 0 s xoaQ-ﬁﬁ-x % P oo P,

10 15 20 25 30 35 40 5 507,/ 10 15 20 25 30 35 40 5 500,/
-3 T -3 — Y1ty

10 By ye) = Ty 0 91ly1 y) = rae”
I+yi+u;
100 100
(0]
50 50
(o]

22000000 —4X99e

| 10 15 20 %5 30 35 40 5 507 10 15 20 25 30 35 40 5 500 [

FIGURE 8. The graphs of error values |1 — Z4;(gi)| of the integral fT gi(y)dy=1,7=1,...,4 and its approximations
Ti(g:), M =10,11,...,50 given by . The values for t = 0,1, s, are depicted as circles, “+”, diamonds and “Xx”,

respectively.
_3 2 1.5 2 <1
10 ) oy (e +1.5)° <
95(y1,42) = )
° & 0 otherwise
60 ?
° o
40 <O
®?
3 % xg
o
20 ° o (o]
o
o O On# &
* o.%t0 O % Q@ % &
0 o 5 8" ﬂbo“b Qﬁo _oo,, ®
20 40 60 80 100 leO 140 160 A[

FIGURE 9. The graphs of error values |1 — Z},(gs)|
of the integral fT g5(y) dy = 1 and its approximations
Ti(g5), M = 10,15,20,...,170 given by (14). The
values for t = 0,1,s,l are depicted as circles, “+7,
diamonds and “Xx7”, respectively.

versions for the case C5. The convergence rate of
the multidimensional step-functions, even though
less uniform, still appears to be very good. Devel-
oping similar methods for the two-variable case G
and extending the rules to higher dimensions poses
an open problem.

(3.) The hyperinterpolation methods [3][25] [34] [35] are
among the tools which directly use cubature rules.
For the standard cubature rules of the Weyl group
orbit functions, several tests with very good results
are also performed in [I5]. Developing and test-
ing hyperinterpolation methods for the presented
cubature rules merits further study.

(4.) The present work demonstrates wide variety of
possibilities of constructing the cubature rules in
the orbit functions setting. Comparison of the de-
veloped methods is necessary for establishing range
of their viable applications. Especially, comparison
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of the Gauss and Clenshaw-Curtis cubature meth-
ods, similar to [37], regarding their efficiency, speed,
model function and integration domain dependence
merits further research.

6. ACKNOWLEDGMENTS

LM and JH gratefully acknowledge the support of this
work by RVO68407700.

REFERENCES

[1] H. Berens, H. J. Schmid, Y. Xu, Multivariate
Gaussian cubature formulae, Arch. Math. (Basel) 64
(1995), no. 1, 26-32, |p01:10.1007/BF01193547.

[2] N. Bourbaki, Groupes et algébres de Lie, Chapitres
IV, V, VI, Hermann, Paris, 1968.

[3] M. Caliari, S. De Marchi, M. Vianello,
Hyperinterpolation in the cube, Comput. & Math. with
Appl. 55 (2008), 24902497,
DO1:10.1016/j.camwa.2007.10.003.

[4] D. Chernyshenko, H. Fangohr, Computing the
demagnetizing tensor for finite difference micromagnetic
stmulations via numerical integration, J. Magn. Magn.
Mat. 381 (2015) 440-445,
DOI:10.1016/j.jmmm.2015.01.013.

[5] C.W. Clenshaw, A.R. Curtis, A method for numerical
integration on an automatic computer, Numer. Math. 2
(1960), 197205, |po1:10.1007/BF01386223.

[6] R. Cools, An encyclopaedia of cubature formulas,
Journal of Complexity 19 (2003), 445-453,
DOI:10.1016 /S0885-064X(03)00011-6.

[7] R. Cools, 1. P. Mysovskikh, H. J. Schmid, Cubature
formulae and orthogonal polynomials, J. Comput. Appl.
Math. 127 (2001), no. 1-2, 121-152,
DOI:10.1016/S0377-0427(00)00495-7.


http://dx.doi.org/10.1007/BF01193547
http://dx.doi.org/10.1016/j.camwa.2007.10.003
http://dx.doi.org/10.1016/j.jmmm.2015.01.013
http://dx.doi.org/10.1007/BF01386223
http://dx.doi.org/10.1016/S0885-064X(03)00011-6
http://dx.doi.org/10.1016/S0377-0427(00)00495-7

VOL. 56 NO. 3/2016

On Cubature Rules Associated to Weyl Group Orbit Functions

[8] P. de la Harpe, C. Pache, B. Venkov, Construction of
spherical cubature formulas using lattices, Algebra i
Analiz 18 (2006), no. 1, 162-186; reprinted in St.
Petersburg Math. J. 18 (2007), no. 1, 119-139,
DOI1:10.1090/S1061-0022-07-00946-6.

[9] D. C. Handscomb, J. C. Mason, Chebyshev
polynomials, Chapman&Hall/CRC, USA, 2003,
DOI:10.1201/9781420036114.

[10] L. Hakov4, J. Hrivnak, J. Patera, Four families of

Weyl group orbit functions of Bs and C3, J. Math. Phys.

54 (2013), 083501, 19, DO1:10.1063/1.4817340.

[11] G. Heckman, H. Schlichtkrull, Harmonic Analysis
and Special Functions on Symmetric Spaces, Academic
Press Inc., San Diego, 1994.

[12] G. Heckman, E. M. Opdam, Root systems and
hypergeometric functions. I, II, Composition Math. 64
(1987), 329-373.

[13] J. Hrivnék, J. Patera, On discretization of tori of
compact simple Lie groups, J. Phys. A: Math. Theor. 42
(2009) 385208, |pO1:10.1088/1751-8113/42/38 /385208l

[14] J. Hrivnédk, L. Motlochov4, J. Patera, On

discretization of tori of compact simple Lie groups II., J.

Phys. A 45 (2012), 255201, 18,
po1:10.1088/1751-8113/45/25 /255201,

[15] J. Hrivnak, L. Motlochové, J. Patera, Cubature
formulas of multivariate polynomials arising from
symmetric orbit functions, arXiv:1512.01710.

[16] J. E. Humphreys, Introduction to Lie algebras and
representation theory, Spinger-Verlag, New York, 1978,
DO1:10.1007/978-1-4612-6398-2.

[17] A. Klimyk, J. Patera, (Anti)symmetric multivariate
trigonometric functions and corresponding Fourier
transforms, J. Math. Phys. 48 (2007), 093504, 24,
DO1:10.1063/1.2779768!

[18] A. U. Klimyk, J. Patera, Orbit functions, SIGMA 2
(2006), 006, 60 pages, [DOL:10.3842 /SIGMA..2006.006.

[19] A. U. Klimyk, J. Patera, Antisymmetric orbit
functions, SIGMA 3 (2007), paper 023, 83 pages,
DO1:10.3842/SIGMA.2007.023.

[20] T. H. Koornwinder, Two-variable analogues of the
classical orthogonal polynomials, Theory and
Application of Special Functions, edited by R. A. Askey,
Academic Press, New York (1975) 435-495,
DO1:10.1016/B978-0-12-064850-4.50015-X.

[21] H. Li, J. Sun, Y. Xu, Discrete Fourier Analysis and
Chebyshev Polynomials with Go Group, SIGMA 8,
Paper 067, 29, 2012, D01:10.3842/SIGMA.2012.067.

[22] H. Li, J. Sun, Y. Xu, Discrete Fourier analysis,
cubature and interpolation on a hexagon and a triangle,
SIAM J. Numer. Anal. 46 (2008), 1653-1681,
DO1:10.1137/0606 71851

[23] H. Li, Y. Xu, Discrete Fourier analysis on
fundamental domain and simplex of Aq lattice in
d-variables, J. Fourier Anal. Appl. 16, 383-433, (2010),
DO1:10.1007/500041-009-9106-9.

[24] 1. G. Macdonald, Orthogonal polynomials associated
with root systems, Sém. Lothar. Combin. 45 (2000/01),
Art. B45a, 40, DOI1:10.1007/978-94-009-0501-6_ 14

[25] S. De Marchi, M. Vianello, Y. Xu, New cubature
formulae and hyperinterpolation in three variables, BIT.
Numerical Mathematics 49 (2009), Number 1, 55-73,
DO1:10.1007/s10543-009-0210-7.

[26] R. V. Moody, L. Motlochovd, J. Patera, Gaussian
cubature arising from hybrid characters of simple Lie
groups , J. Fourier Anal. Appl. 20 (2014), Issue 6,
1257-1290, DO1:10.1007 /s00041-014-9355-0.

[27] R. V. Moody, J. Patera, Cubature formulae for
orthogonal polynomials in terms of elements of finite
order of compact simple Lie groups, Adv. in Appl. Math.
47 (2011) 509-535, |p01:10.1016 /j.aam.2010.11.005.

[28] R. V. Moody and J. Patera, Orthogonality within the
families of C-, S-, and E-functions of any compact
semisimple Lie group, SIGMA 2 (2006) 076, 14 pages,
DOI:10.3842/SIGMA.2006.076.

[29] L. Motlochovd, Special functions of Weyl groups and
their continuous and discrete orthogonality, Ph.D.
Thesis, Université de Montréal (2014),
http://hdl.handle.net/1866/11153

[30] H. Z. Munthe-Kaas, M. Nome, B. N. Ryland, Through
the kaleidoscope: symmetries, groups and Chebyshev-
approzimations from a computational point of view,
Foundations of computational mathematics, Budapest
2011, 188-229, London Math. Soc. Lecture Note Ser.,
403, Cambridge Univ. Press, Cambridge, 2013.

[31] B. N. Ryland, H. Z. Munthe-Kaas, On multivariate
Chebyshev polynomials and spectral approximation on
triangles, Spectral and High Order Methods for Partial
Differential Equations, Lecture Notes in computational
science and engineering, Springer, 2011,
DOI1:10.1007/978-3-642-15337-2_ 2.

[32] H. J. Schmid, Y. Xu, On bivariate Gaussian cubature
formulae, Proc. Amer. Math. Soc., 122 (1994), 833-841,
Dbo1:10.2307 /2160762

[33] I. Sfevanovic, F. Merli, P. Crespo-Valero, W. Simon,
S. Holzwarth, M. Mattes, J. R. Mosig, Integral Equation
Modeling of Waveguide-Fed Planar Antennas, IEEE
Antenn. Propag. M. 51 (2009), 82-92,
DO1:10.1109/MAP.2009.5433099.

[34] 1. H. Sloan, Polynomial interpolation and
hyperinterpolation over general regions, J. Approx.
Theory 83 (1995), no. 2, 238-254,
DO1:10.1006/jath.1995.1119.

[35] A. Sommariva, M. Vianello, R. Zanovello,
Nontensorial Clenshaw-Curtis cubature, Numer.
Algorithms 49 (2008), Number 1-4, 409-427,
DO1:10.1007/s11075-008-9203-x.

[36] G. Szegd, Orthogonal polynomials, American
Mathematical Society, Providence, R.I., 1975.

[37] L. N. Trefethen, Is Gauss quadrature better than
Clenshaw-Curtis? SIAM Rev. 50 (2008) 67-87,
DO1:10.1137,/060659831.

[38] J. Waldvogel, Fast construction of the Fejér and
Clenshaw-Curtis quadrature rules, BIT 46 (2006), no. 1,
195-202, p01:10.1007 /s10543-006-0045-4.

[39] J. C. Young, S. D. Gedney, R. J. Adams, Quasi-
Mized-Order Prism Basis Functions for Nystrém-Based
Volume Integral Equations, IEEE Trans. Magn. 48
(2012), 2560-2566, |pD01:10.1109/ TMAG.2012.2197634.

213


http://dx.doi.org/10.1090/S1061-0022-07-00946-6
http://dx.doi.org/10.1201/9781420036114
http://dx.doi.org/10.1063/1.4817340
http://dx.doi.org/10.1088/1751-8113/42/38/385208
http://dx.doi.org/10.1088/1751-8113/45/25/255201
http://dx.doi.org/10.1007/978-1-4612-6398-2
http://dx.doi.org/10.1063/1.2779768
http://dx.doi.org/10.3842/SIGMA.2006.006
http://dx.doi.org/10.3842/SIGMA.2007.023
http://dx.doi.org/10.1016/B978-0-12-064850-4.50015-X
http://dx.doi.org/10.3842/SIGMA.2012.067
http://dx.doi.org/10.1137/060671851
http://dx.doi.org/10.1007/s00041-009-9106-9
http://dx.doi.org/10.1007/978-94-009-0501-6_14
http://dx.doi.org/10.1007/s10543-009-0210-7
http://dx.doi.org/10.1007/s00041-014-9355-0
http://dx.doi.org/10.1016/j.aam.2010.11.005
http://dx.doi.org/10.3842/SIGMA.2006.076
http://hdl.handle.net/1866/11153
http://dx.doi.org/10.1007/978-3-642-15337-2_2
http://dx.doi.org/10.2307/2160762
http://dx.doi.org/10.1109/MAP.2009.5433099
http://dx.doi.org/10.1006/jath.1995.1119
http://dx.doi.org/10.1007/s11075-008-9203-x
http://dx.doi.org/10.1137/060659831
http://dx.doi.org/10.1007/s10543-006-0045-4
http://dx.doi.org/10.1109/TMAG.2012.2197634

	Acta Polytechnica 56(3):202–213, 2016
	1 Introduction
	2 Special functions associated to root systems
	2.1 Basic definitions
	2.2 Weyl group orbit functions
	2.3 Jacobi polynomials

	3 Cubature formulas
	3.1 General form of cubature formulas
	3.2 Cubature formulas of C2

	4 Clenshaw-Curtis cubature formulas
	4.1 Clenshaw-Curtis method
	4.2 Integration domain Omega of C2
	4.3 Triangular domain of C2

	5 Concluding Remarks
	6 Acknowledgments
	References

