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ABSTRACT. Boundary value problems are considered on a simplex F in the real Euclidean space R?.
The recent discovery of new families of special functions, orthogonal on F', makes it possible to consider
not only the Dirichlet or Neumann boundary value problems on F', but also the mixed boundary value
problem which is a mixture of Dirichlet and Neumann type, ie. on some parts of the boundary of F' a
Dirichlet condition is fulfilled and on the other Neumann’s works.

KEYWORDS: hybrid functions, Dirichlet boundary value problem, Neumann boundary value problem,

mixed boundary value problem.

1. INTRODUCTION

The boundary value problems, considered in this pa-
per, occurring in a real Euclidean space R? on finite
region F' C R? that is half of a square or half of an
equilateral triangle.

The main idea of this paper is to study the solutions
of Helmholtz equation with the mixed boundary value
problems. A surprising variety of recently emerged
suitable new families of special functions makes that
the realization of this idea is relatively simple and
straightforward in any dimension. In addition to the
classical boundary value problems of Dirichlet and
Neumann type, the new functions, called ‘hybrids’
[6, [10], display properties at the boundary of F', on
some parts of the boundary being Dirichlet’s, while
on the remaining ones Neumann’s.

The boundary value conditions play an important
role in describing the physical phenomena. They are
used, inter alia, in the theory of elasticity, electrostat-
ics and fluid mechanics [2] [, [16].

In Section [2] we introduce some facts about Weyl
groups Cy and Gs. In Section [3| we show the exact
formulas for four families of special functions for each
of the group C5 and G5. The branching rules used
to separate variables in Section [4] are described in
details for example in the following papers [9] [TT], [14].
In Section [p| three types of boundary value problems
are considered for four families of special functions
described in Section [3] Although for the case A; x Ay,
there is no hybrid functions, the mixed boundary value
problem occurs. We present this case in details in
Appendix.

2. WEYL GROUP C5 AND G

In this section we recall certain facts about Weyl
groups Cy and Go [I, B, B]. We use four bases in
R?, namely e-, a-, & and w- basis. The first one,
e-basis, is a natural basis for an Euclidean space. The
simple root basis, a-basis, exists for every finite group
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FIGURE 1. Shaded triangles represent the fundamental
regions F' for C2 and G2 group.

generated by reflections. The co-root basis ¢ is defined
by the formula:

20[1‘

(ailai)”

oy =

The w-basis is dual to simple root basis. The relation-
ship between considered bases is standard for group
theory and is expressed by:

(Qilwj) = dij.

Below we present the a-basis vectors in Cartesian
coordinates for each of considered groups:

Co:ay = %(1,—1)6, ag = 2-(0,1).,

GQI ap = (\/i, 0)3, Qg 1= (—\%, %) .

The following notation for coordinates is used:
RZ25 )\ = (a,b), = awy + bws.
Rz = (1, 22)a = (Y1, ¥2)e,

where indexes w, e, and & denote w-, natural-, and
G&-basis, respectively.
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The fundamental regions F' for Cy and G5 group,
written in w-basis, have the vertices

Fe, = {valaWQ}a
Fg, ={0,%,wa}

and are shown in Figure

The groups Cy and G5 can be reduced to a subgroup
Ay x Ay using a branching rule method described in
[I1, T4]. For Cy case it is done by the projection

matrix
1 1

acting on the whole orbit of a group. The branching
rule is the following;:

O(a,b) %3 O(a + H)OB) UOB)O(a +b).  (2)

The reduction from G5 to Ay x A; is given by the

matrix
1 1

The branching rule, in this case, has a form:

O(a,b) 2225 O(a + b)O(3a + b)
UO(2a + b)O(b) UO(a)O(3a + 2b).  (4)

For group A; x A; we use the following notation for
coordinates

R? > @ = (2,y). € Ay x A;.

3. C-, S-, S*-, AND S'-FUNCTIONS OF
G = (C5 OR Gy

The general formula for special functions correspond-
ing to the Weyl group [f] is given by

Z 0_(,w)€271-i(me)7

weG

where the coordinates € = (z1,22)s € R? and weight
A = (a,b), are given in & and w-basis, respectively.
The homomorphism ¢ : G — {£1} (by G we de-
note the group Cs or G3) determine the four families
of special functions [9], that are of interest to us.
The map o(w) is a product of o(ry),o(rs) € {£1},
where r;, 7, denote long and short reflections in w,
respectively. Consequently, there are four types of
homomorphisms o

C:o(r)=0(rs) =1,
S:o(r) =o0(rs) =—1,
Sto(m)=—1, o(ry) =1,
S%o(r)=1, o(rs)=-1
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3.1. EXPLICIT FORMS OF C- AND
S-FUNCTIONS

In this subsection we provide an exact formulas for
the two types of special functions, namely, C- and
S-functions for Cy and G5 group. The upper signs
in the formulas correspond to C(, ) () functions and
the lower ones match up to S, ) () functions [9} [13]:

Cy: +2[cos(2m((a + 2b)z1 + (—a — b)x2))
+ cos(2m((a + 2b)x1 — bxs))
+ cos(2m(—azy + (a + b)xs))
+ cos(2m(azy + bxs)],
Ga: 2[cos(2m((2a + b)zy — (3a + 2b)z2)
+ cos(2m(axy + bxs)
+ cos(2m(a + b)x1 — bxa)
+ cos(2m(ax; — (3a + b)x2)
+ cos(2m((2a + b)x1 — (3a + b)x2)
+ cos(2m(a + b)zy — (3a + 2b)z3)].

3.2. EXPLICIT FORM OF S® AND S'-FUNCTIONS

Similarly, as in the previous subsection, we present
exact formulas for S'- and S*- functions. Again, the
upper signs correspond to S(Sa b)(m) function and the

lower ones belong to S{, , (@) function [9} [L3]:

Cy: 2[F cos(2m((a + 2b)z1 — (a + b)zs))
+ cos(2m((a + 2b)x1 — bxs))
— cos(2m(—az1 + (a + b)x2))
+ cos(2m(axy + bxs)],

Ga: 2i[sin(27((a + b)z1 — (3a + 2b)z2))
+ sin(27(ax1 + bxa))
+sin(27((2a + b)z1 — (3a + 2b)x2))
Fsin(2n(az; — (3a + b)x2))
—sin(27((2a + b)x1 — (3a + b)x2))

Fsin(2n((a + b)z1 — baz))].

Remark 1. The weight coordinates (a, b),, for the four
families of special functions are different, namely

C(a7b)(.’13): a,be ZZO,
Sap(x): a,be 770,

< a€Z>% beZ2° for Cs,
Stap(@): >
' acZ2 beZ>Y for G,
. a€Z2% beZ>° for Cs,
S(a,b)(m): >0 >0
a€Z® beZ=" for Gsy,

The next remark is a consequence of explicit forms
of functions written in Subsections 3.1] 3.2}

Remark 2. Four families of special functions are real
in case of Cs group.

The functions C-, S- are real, and S'-, S*- are pure
imaginary in case of Gy group.
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4. HELMHOLTZ DIFFERENTIAL
EQUATION

In this section we consider the well-known partial
differential equation

AT (z) = —w?¥(z), w — positive real constant

called homogeneous Helmholtz equation (see for ex-
ample [7, 8, [15] and references therein), where & =
(y1,42)e and

92 92
A= L2
dy3 - Y3

Remark 3 [5]. The special functions described in the
previous section are eigenfunctions of the Laplace
operator.

The explicit form of the Laplace operator in co-
ordinates relative to the w-basis and d&-basis is the
following

Cy: A, = 26% — 2010 + (937
Ay = 307 + 010: + 03,
Go: Aw = 812 — 38182 + 363,
As =207 420,05 + 205.
Since
AeQwi(Mw) _ 747T2<>\|)\>62m’</\|m)

then we have
AV () = —4m2 (NN Ty (),

where W, (x) is one of the functions C,S,S* or S'.
The inner product of As is equal

Cy: (M) = 1a® + ab+ b7,
Ga2: (A|]A) = 2a® + 2ab + 2b°.

4.1. SEPARATION OF VARIABLES FOR THE
HELMHOLTZ EQUATION

Using a standard method of separation of variables

for the Helmholtz equation [7]

AV(z) = —w¥(z), == (y1,4)e

and searching for the solutions in the form ¥(x) =
X (y1)Y (y2), we have the following differential equa-
tion

X"Y + XY" +w?XY = 0.
Introducing —k2-separation constant, we get a pair of
the ordinary differential equations easy to solve:

X"+ kX =0, Y4+ (w? = k)Y =0. (5)

A basic solution of we can write in the form

Xi(y1) = coskyr, Yi(y2) = cos vV w? — k?ys,,

Ya(y2) = sin vV w? — k2ys,

where k # 0 and w? — k2 # 0.

According to the assumptions that k # 0 and w? #
k? we consider C-, S-, S*-, and S!-functions only with
positive weights.

Xg(yl) = sin k‘yl,

4.2. (5 CASE

From the projection matrix Pc, and the branching
rule ([2]) we find two separation constants —k? and —k3,
which have a form

_k% = _2(a + b)271'27

—k32 = —2b%*n?,

w? — k? = 2b°72,
w? — k2 = 2(a + b)?7%.

Noting that k¥ = w? — k2, as a separation constant
we take

—k2 = —2(a + b)27r2, w? — k% = 20%72.

Using the branching rule from Section [2|for special
functions C, S, 5%, S! we can rewrite those functions
in the form:

Cap(x) = 4[cos(kyy) cos(Vw? — k2ys)
+ cos(vVw? — k2yy) cos(ky2)],
Sap(x) = 4[sin(\/My1) sin(kys)
— sin(ky; ) sin(vw? — I{;?g/gﬂ7
¢ (@) = 4 [cos(kyy) cos(Va = Fys)
— cos(Vw? — k2y,) cos(ky2)],
Sé7b(m) = 74[Sin(\/m;/1) sin(kys)
+ sin(kyr) sin(vVw? — k2ys)].

By changing the variables by y; = v2z, 92 = V2 we
get the reduction to A; x A; subgroup

Cap(®) = Carp(2)Co(y) + Co(2)Cayp(y),

Sap(x) = Sats(x)Sp(y) — Sp()Sats(y),

Sao(®) = Sarv(2)S(y) + Sp(z)Sars(y),
(x)

= Ca+b($)cb(y) - Cb(I)C(H_b(y), (6)

The functions C,(z), and S, (z), on the right side
of (6, are defined in Appendix. The coordinates
(z,y) € A1 x A; are written in a-basis.

4.3. G9 CASE

From the projection matrix Pg, and the branching
rule we find three separation constants —k?, —k2,
and —k3, which have a form

— k2 = —2(2a + b)?*n?, w? — k¥ = 26%72, (7)
— k3 =—2(a+0b)*r% w’—kj=2(3a+b)’n’,
— k2 = —2d%72, w? — k3 = 2(3a + 2b)*r>.

Using the branching rule from Section for special
functions C, S, S°, S! we can rewrite those functions
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1

C2 GZ

FIGURE 2. Fundamental regions of C2 and G2 groups.

Sides are marked by s and [ symbols which correspond

to the reflection orthogonal to the short and long root,

respectively.

FIGURE 3. The normal vectors and boundaries are
indicated for the Weyl group Cb.

in the form:

Cap(x) = 4[cos(k1y1) cos(y/w? — kys)
+ cos(kay) cos(y/w? — k3ys)
+ cos(ksy1) cos(v/w? — k3y2)],

Sap(@) = 4= sin(kiy1) sin(y/w? — kiys)
+ sin(kayi ) sin(y/w? — k3yz)
— sin(ksys) sin(y/w? — k%yz)},

5 (@) = 4i[— cos(k1y1) sin(y/w? — k3ys)

— cos(kayi) sin(y/w? — k3ys)
+ cos(ksyy) sin(y/w? — k3y2)],

St () = 4i[—sin(k1y1) cos(y/w? — kZys2)
+ sin(kayy) cos(y/w? — k3ys)
+ sin(ksy1) cos(v/w? — k3y2)].

By changing the variables by y; =
get the reduction to A; x A; subgroup

Cap(x) = Co(x)C3a425(y)
+ Cot5(2)C3a45(y) + Coa+6(2)Ch(y),
Sa(7)S3a+26(y)
= Sa+5(2)S3a+6(Y) + S2a+5(2)Sb(y),
ab(®) = Co()S30120(y)
= Cat()S30+5(y) — C2a+6(2)Sp(y),
Sa(2)C3a426(y)

Sa’b(iL‘) =

Sé,b(m) =

= Sat(2)C3a16(y) + S2446(2)Cp(y). (8)
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V2, y2 = V6 we

D ™
s 1

02, G2 S 1 S |
jb(w) 0 *«x *x 0
Shy(®) * 0 0 x

TABLE 1. Behaviour of the functions C, S, S® and S’
on the boundary OF for C3 and G2 group where *
denotes any function non-equivalent to 0.

The functions Cy(x), and S,(x), on the right side
of (8), are defined in Appendix. The coordinates
(z,y) € A1 x A; are written in a-basis.

Proposition 1. C,(z), and S,(z) functions pre-
sented in fulfill the following relationships
— k3S3a+20(7)Ca()
+ k2S3045(2) Cato () — k15 (2)Coats(@)
= V3(yu? - k§03a+2b(x)3a(x)
— Vw? = k3C3016(7)Sa v ()
— Vw? — k3Cy(2)S2at5(2)),
— k3534+25(7)Sa ()
+ k2 S3046(2)Sats () + k1.Sp(2)S20+5(2)
= V3(v/w? — k2C30426(2)Co ()
— Vw? = k3C3014(2)Catp()
— Vw2 = k3 Cy(2)Caatp()),

where k;, v/w? — k;, i = 1,2, 3 are defined by .

5. TYPES OF BOUNDARY CONDITIONS

In this paper we consider three types of boundary
conditions.

(1.) The first type, called a Dirichlet boundary condi-
tion, defines the value of the function itself:

U(x) = f(x), for x € OF, (D)
where f(x) is a given function defined on the bound-
ary.

(2.) The second type, called a Neumann boundary
condition, defines the value of the normal derivative
of the function:

9 () = f(x), for & € OF, (N)

where n denotes normal to the boundary OF.
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FIGURE 4. The contour plot of Cy 3(x), S1,3(x). The
triangle denotes the fundamental domain F' of the
affine Weyl group Cs.

FIGURE 6. The normal vectors and boundaries are
indicated for the Weyl group G2

(3.) The third type, called a mixed boundary condi-
tion, defines the value of the function itself on one
part of the boundary and the value of the normal
derivative of the function on the other part of the
boundary:

¥(x) = fo(x)

Ix(x) = fi(z)
where OF = 0Fy U 0F; and fo(x), fi(x) are given
functions, defined on the appropriate boundary.

for x € OF,

(M)
for @ € OF,

Remark 4 [12]. For the Dirichlet boundary conditions
all eigenvalues are positive.

For the Neumann boundary condition all eigenval-
ues are non-negative.

In Table [I] we present how the four types of func-
tions, defined in Section [3] behave on the boundary
OF of the fundamental region F'. The fundamental re-
gion F for Cy and G2 groups is presented in Figure
Symbol s corresponds to the reflection orthogonal
to the short root and [ corresponds to the reflection
orthogonal to the long root.

5.1. (5 CASE

The normal vectors to the fundamental region F' of
the Weyl group C5 are the following:

ny = (0,—1)e, ma= ns = (1,0)..

(-5 3%)
27 2/ e’
In Figure [3] we present the fundamental region F
with indicated boundaries and corresponding normal
vectors.

The values of the four families of special functions
C,S,S* and S satisfying the Dirichlet boundary con-
dition @ on the boundary OF of the fundamental

Q
C
@

S‘f,s(-’”)

FI1GURE 5. The contour plot of S{)g(m), 57 3(x). The
triangle denotes the fundamental domain F' of the
affine Weyl group Cs.

Si,s(m)

Ir2

FIGURE 7. A shaded square represents the fundamen-
tal region F' of A; x A;.

F
wy 4

[¢] Fy w,

FIGURE 8. The Boundaries of the fundamental region
F of Ay x A are indicated.

region F are presented in Tables[2 ] and[5] Tables[3}-
present the values of the functions satisfying the
Neumann boundary condition . The examples of
functions and their behaviours on the boundary 9F
is presented in Figures [4 and [f]

5.2. Go CASE

The normal vectors to the fundamental region F' of
the Weyl group G2 are the following:

m= (=100, n2= (¢ -3), ns=(5%),
In Figure [6] we present the fundamental region F
with indicated boundaries and corresponding normal
vectors.

The values of the functions for group Gs fulfilling
the Dirichlet boundary condition @ on the bound-
ary of the fundamental region F' are presented in
Tables [0} B and [9] The values of the functions satisfy-
ing the Neumann boundary condition are given
in Tables[7}0} The examples of functions and their be-
haviours on the boundary OF is presented in Figures[J]

and
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Cop(z) Dirichlet condition
Fy 20a+b($> + ZCb(a?)
F2 20a+b(£€)0b(l')

F3 Cays(1)Cy(y) + Co(1)Cays(y)

TABLE 2. Values of Cy(x) function at the boundary of the fundamental region F' in C; case.

Sap(x) Neumann condition
I3 2i (kSy(z) — Vw? — k2Sq44(x))

FQ 21 (\/ w2 — k2Sa+b($)Cb(l‘) — ka(x)Ca+b(x))
Fy i (Vw? = k2Casb(1)Sh(y) — kCo(1)Sass(y))

TABLE 3. Values of S, () function at the boundary of the fundamental region F' in C; case.

Mixed condition

Sap(x) Dirichlet condition Neumann condition
B 2(Catp(x) = Cp(x)) 0
Iy 0 2 (—m5’a+b(a§)6’b($) + ka(x)C’a+b(x))
Fy Clat)(1)Cr(y) — Cp(1)Cays(y) 0

TABLE 4. Values of S ,(z) function at the boundary of the fundamental region I in C» case.

Mixed condition

St ,(x) Dirichlet condition Neumann condition
Fy 0 2i (—vVw? — k2S,(z) — kSats(z))
F, 2Sa+6(z)Sp(z) 0
F; 0 i (Vw? = k2Ca45(1)Sy(y) + kCo(1)Sass(y))

TABLE 5. Values of thb(m) function at the boundary of the fundamental region F' in C> case.

Cop(x) Dirichlet condition
o 2(Cy(y) + Csarb(y) + Caa125(y))
Fy C2a+6(7)Cp(x) + Cayy(2)Caa45(2) + Ca()Caa426(2)

F3 Czaer(ZL')Cb(fE — ].) + Ca+b(x)03a+b(x — ].) + Ca(x)C3a+2b(fE — ].)

TABLE 6. Values of Cy () function at the boundary of the fundamental region F' in G2 case.

Sap(x) Neumann condition
Fy 2i(_k353a+2b( ) + k2S3a45(y) — k15u(y))
Fy —2i (/w? — k3 Csay () — w2 = k3 Csaq(%)Sass(z) + /w? — k3 Cp () S2a44(x))
Fy 2i(k3S34-12p(T — 1)Ca(x) — ko Ssaip(x — 1)Coyp(z) + k1S (x — 1)Conqp(2))

TABLE 7. Values of S, () function at the boundary of the fundamental region F' in G2 case.
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Mixed condition

2,1;(5'3) Dirichlet condition Neumann condition
3} 2(=5p(x) — Sza+b(7) + Szat26(7)) 0
2i(\/m03a+2b(x)ca(x)
2 0 + V/w? = k3C3045(2)Carp (@)
+ Vw? — k3Cy(2)Cagip(2))

—C2a+5(@) S (2 — 1) = Capp () Szats(x — 1)

F:
3 + Ca(I)SgaJrzb(x — ].)

TABLE 8. Values of S; ,(z) function at the boundary of the fundamental region F' in G2 case.

Mixed condition

S(ll’b(a:) Dirichlet condition Neumann condition
B 0 2i(—k3C30+20(y) — k2C3a+45(y) + k1Co(y))
7 —52a45(2)Co(2) + Sat(2)Csarp() 0
’ + Sa(2)Caray(2)

2i(k303a+2b(;v — 1)Ca(l') + szgaer(:I} — 1)Ca+b(:v)

F 0
3 — k1Cy(x — 1)Caqqp())

TABLE 9. Values of S(leb(m) function at the boundary of the fundamental region F' in G2 case.

A
w0 os N

3?,013(%)
FIGURE 9. The contour plot of real part of Cy s(x), Ficure 10. The contour plot of imaginary part of
S1,3(x) functions. The triangle denotes the fundamen- S! 5(x), S5 s(x) functions. The triangle denotes the
tal domain F' of the affine Weyl group Go. fundamental domain F' of the affine Weyl group Gs.

FIGURE 11. The contour plot of real part of Cy 3(x), FIGURE 12. The contour plot of imaginary part of
and S1,3(x) functions. The square denotes the funda- CS1,3(x), and SC1,3(x) functions. The square denotes
mental domain F' of Ay x A;. the fundamental domain F' of A; x A;.
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Cop(xz) Dirichlet condition
F 2Cy(y)
Fy 2C,(z)
F3 Ca(1)Co(y)
Fy Ca(x)Cy(1)

TABLE 10. Values of Cy () function at the boundary
OF of the fundamental region F'.

Mixed condition

CS,p(x) Dirichlet Neumann
Fy 25 (y) 0
Fy 0 —2iVw? — k2C,(z)
F3 Ca(1)Su(y) 0
Fy 0 ivVw? — k2C,(2)Cy(1)

TABLE 12. Values of C'S, () function at the bound-
ary OF of the fundamental region F.

6. APPENDIX

In this section we present the simplest case, namely
A1 x A;p. The fundamental region F' (shown in Fig-
ure [7) is a square with vertices {0, w1, ws, w1 + wa} in
the w-basis.

The bases written in the orthonormal basis {e1,e2}
have the form

Q; = \/561‘, W; = %ei 1= 1,2.

There are four families of special functions, namely
C-, S-, CS- and SC-functions. Their forms are the
following:
Cop(x) = Cu(z)C(y) = 4 cos(2max) cos(2mby),
Sap(x) = Se(x)Sp(y) = —4sin(2max) sin(2wby)
CSap(x) = Co(x)Sp(y) = 4i cos(2max) sin
SCap(x) = So(x)Ch(y) = 4isin(2max) cos

where
Cu(l') — eQ‘n’i,um + e—27ri;tm,
SM(]J) — eZﬂ'i,um _ 6727m'ux.
The behaviour of C-, S-, C'S-, and SC-functions
on the boundary OF of the fundamental region F
described in Figure [§]is gathered in Tables The

values if the functions we write using a separation
constant —k?:

—k? = —2a%72, w? — k? = 2v°72.

In Figures [I1] and [I2) plots of real and imaginary part
of functions with weight A = (1,3) are shown.
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Sap(x) Neumann condition
F —2i kSy(y)
Fy —2i vVw? — k28, (x)
F3 ikCa(1)Sy(y)

Fi  ivVa? —k2S,(2)Ch(1)

TABLE 11. Values of S, () function at the boundary
OF of the fundamental region F'.

Mixed condition

SC,.p(x) Dirichlet Neumann
P 0 —2i kCy(y)
F 25, (x) 0
F3 0 ikCo(1)Ch(y)
Fy Sa(z)Ch(1) 0

TABLE 13. Values of SC, () function at the bound-
ary OF of the fundamental region F'.
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