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Abstract. This paper presents a comparative experimental-analytical study on the performance
of Multi-Input Single-Output (MISO) and Single-Input Multi-Output (SIMO) techniques to identify
the modal properties of a cantilever beam. A 2-D laser interferometry was employed to perform the
SIMO modal test, while for the MISO test configuration, a conventional accelerometer was used to
measure the response of the structure. Comparing the experimentally-measured natural frequencies
with those calculated by the FEM model, a maximum difference of 4% between natural frequencies
was observed. The repeatability of both techniques is also investigated in this paper and it is shown
that the difference between modal properties identified under different operators is less than 0.5% for
both the MISO and SIMO techniques.
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1. Introduction
Modal analysis is a commonly used procedure to deter-
mine mechanical dynamic properties and many modal
parameter estimations can be applied [1, 2]. It is fea-
sible to develop analytical models to investigate the
dynamic behaviour of simple structures, however, for
complex structures, either Finite Element methods
(FEM) or experimental modal analysis can be used
to estimate/measure the dynamic properties of the
structure [3].
Firstly, narrow band analogue filters were applied

for the evaluation of modal analysis, but then, FFT
analysers became more used owing to the evolution
of measurement systems. Nowadays, computers have
a high computing performance and a model including
modal analysis or other parameters can be performed
in a short time and it can be compared with a real
measurement [4].
Well known examples of modal analysis can be

found in car industry, aero industry or civil engi-
neering. Generally, components are firstly modelled,
optimized and then prototypes are tested. The aim
is to find a dominant resonance, which can cause
bothersome noises or can be crucial for the material
endurance. Design improvements or different materi-
als affect the frequency response and key resonances
can be damped or shifted to noncritical values [4].
Generally, accelerometers are attached to tested

objects to measure their vibrations. In some cases, ob-
jects for modal analysis are not large enough and the
response has to be measured by other means than by
accelerometers, which can significantly influence the
frequency response [3]. In these cases, an interferome-
ter can be used for non-contact sensing and movement
trajectory can be determined in few moments, espe-
cially when a 2D scanning option is arranged.

During last years, many publications focused on
modal analysis were published to demonstrate its uti-
lization in different areas. For example, one deals with
a modal analysis of a robot arm [5], mostly performed
by a simulation, a comparison with an experiment is
only mentioned, but not provided. Other publication
solves similar problematics – modal analysis of can-
tilever beam [6]. The main comparison is performed
between an analytic solution and a model without any
measurement. However, a similarity of the results is
mentioned, therefore, the simulation is an appropriate
method, when an experiment cannot be performed.
Other remarkable publications deal with an analysis
of a piston [7] or supported beam bridge [8]. This pa-
per will present a complex comparison of an analytic
solution, simulation and measurement at a simple
object, which results are achievable by all methods.

A more complex article is focused on an analysis on
a laboratory test plate [9] and provides a comparison
between experimental and operational modal analysis,
which showed some small differences. Last example
deals with a modal analysis of a beam tendon [10],
which is performed both theoretically and experimen-
tally. The results of both methods were comparable.
These articles show a continuous activity in the field
of modal analysis, but many articles are focused on
a comparison of an analytic solution and experiment
(but simulation is not performed), or simulation and
experiment (without analytic solution, which may be
impossible due to the complexity of the object). This
study will present two methods of modal analysis (one
using an impact hammer and the other using laser
vibrometry) of a chosen structure, which will be com-
pared from multiple point of views, such as quality of
results, repeatability, price or preparation time. The
results will be compared with an analytic solution and
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n 0 1 2 3 4 5
δnL 0 4.7300 7.8532 10.996 14.137 17.279

Table 1. Solutions of non-trivial equation for free-free beam.

FE results. Then, a laboratory set for students will
be prepared to demonstrate this topic.

2. Equation of motion
Let us consider a regular beam of a length L, density
ρ and Young’s modulus E. The basic equation of
motion of a beam is [11–13]:

EI
∂4w

∂x4 + ρA
∂2w

∂t2
= 0 (1)

where I is area moment of the beam cross section,
w transverse displacement, A area of cross section
and t is time. Parameters I and A are obtained from
dimensions:

I = bh2

12 (2)

A = bh (3)

where b is the width and h the height of the beam.
A solution for a free-free beam is formulated by non-
trivial equation [11]:

cos δn cosh δnL = 1 (4)

where δn is n-th root of the equation.
First five solutions of the equation are shown in

Table 1.
With this partial results, the natural frequencies of

a beam can be determined by equation:

ωn = δ2

√
EI

ρA
(5)

f = ω

2π (6)

If it is necessary to compute frequencies in orthogo-
nal direction, beam length L is replaced with the beam
width. Other non-trivial modes cannot be determined
by this equation, for example, the beam can move
in a diagonal direction. It is impossible to specify
complex nature frequencies with presented equations,
the boundary conditions for the whole equation (4)
have to be changed. It is easier to use a software oper-
ating with FEM, which can determine both solutions
in one computation step. When the structure is more
complicated, the analytic calculation becomes almost
unable to achieve.

2.1. Results of simulation
A simulation in COMSOL Multiphysics 5.0 (COM-
SOL Inc.) was performed and the results were com-
pared with the analytic equation. The simulation
utilized MUMPS Eigenfrequency solver and was fo-
cused on frequencies in the range from 0 to 6 kHz,

which can also be measured with an accessible equip-
ment and compared. Dimensions of the tested beam
are 40 × 4 × 1 cm and the largest mesh element size
was chosen as 0.4 cm, therefore, on the edges of the
object, there are 101 × 11 × 4nodes. For a verifica-
tion, a comparison was made with a half mesh density,
the error of the determined frequency in the exam-
ined frequency range was less than 0.55%. A further
comparison was made with a double mesh density
and the error of the determined frequencies was less
than 0.06%. The considered computing mesh is a
suitable compromise between the computing time and
the quality of the result for future simulations.

Shapes of some modes are shown in Figure 1. Com-
puted resonance frequencies are shown in Table 2.
Parameters: L = 0.4m, b = 0.04m, h = 0.01m,
E = 2 · 1 011Pa, ρ = 7 870 kg/m3.

3. Materials and methods
As was mentioned in Introduction, the aim of this
study is to perform two methods of modal analysis
and compare them. One method uses one sensor
and structure is excitated in many different points,
the other method applies laser interferometry and
structure is multi-point measured.

3.1. Static sensor
In the first experiment, a modal hammer Endevco
2302-5 was used for exciting the structure in a cre-
ated mesh of 27 points (3 × 9). It is able to excite
frequencies up to 8 kHz with the aluminium tip and
its 100 g head mass. The chosen mesh is sufficient to
measure up to 7 longitudinal modes and based on the
simulation, this should cover a frequency range up
to 8 kHz. However, this is the uttermost condition,
the resulting animation will not look smooth and it
was chosen as a compromise between the amount of
captured data and the quality of the result.
A small accelerometer Metra KD91 was used as a

sensor, complemented with a charge amplifier and the
signal was processed by 24-bit acquisition module NI-
9234. The sensor was placed in a corner of a structure
to guarantee the measurement of all eigenfrequencies
influencing Z-axis vibrations. The weight of the sensor
is 1.8 g, it is negligible in comparison with the mass of
the beam (∼ 1.3 kg). The measured beam was placed
on a soft foam pad which represents a free boundary
conditions.

3.2. Static excitation
For the second experiment, laser interferometer Poly-
tec OFV-5000 with a custom 2D extension was used,
the response can be measured in more points with
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frequency (Hz)
longitudinal mode n. analytic equation FEM

1 323.9 323.3
2 892.8 888.3
3 1750 1733
4 2893 2848
5 4322 4220

diagonal mode n. analytic equation FEM
1

not calculated
1751

2 3520
3 5324

Table 2. Computed resonance frequencies.

(a). (b).

(c).
(d).

Figure 1. Shapes of some selected modes ((A)-(C) - three longitudinal modes, (D) - diagonal mode).
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Figure 2. Modal hammer and examined structure
with attached sensor.

Figure 3. Examined structure attached to vibration
test system.

higher certainty of the measured point and the struc-
ture is not influenced by the sensing element. The
same 27-point grid of measuring points was chosen
for the measurement, to provide the most matching
comparison with the previous method.
A vibration test system Tira S 52110 was used for

the excitation of the beam. The generator was oper-
ating with a random noise signal and chirp sinusoidal
signal. Both of the signals need to be limited due
restrictions of the vibration system (limitations in
frequency range and amplitude). Eventually a chirp
signal was chosen as more suitable for its better re-
sults, the random noise signal did not have a sufficient
amplitude to visualize all modes with better precision
than the chirp signal. In addition, the noise signal is
less user friendly, which is also a key factor for the
creation of a laboratory set for students.

3.3. Signal processing
This arrangement was processed by ABSignal
ModalVIEW (National Instruments), which is devel-
oped for performing modal analyses. It allows defin-
ing the measured structure, setting measurement and
equipment and computes FRF (frequency response
function).

Both methods were processed with the same signal
processing chain. For the FFT analysis, the sampling
frequency was chosen as 51.2 kHz and a rectangle win-
dow was applied, the measurement in each point of
the structure composes of three measurements and av-
eraging the RMS. Mode estimation utilizes the LSCF
algorithm.

4. Results
Main resonant frequencies are obvious from the mea-
sured FRF in Figure 4, but in the area around 1 800Hz,
two peaks are noticeable. It may be hard to deter-
mine, without further knowledge, if it is an error and
it belongs to one mode, or they signify two different

modes. In the context of simulation, it is easier to de-
termine the relationship to two different modes. This
feature shows one disadvantage of the measurement.
Two different modes can be located at nearby frequen-
cies and a less experienced operator may misinterpret
the results. Therefore, it is advisable to perform a
simulation before the measurement itself.
Experimental results have been compared against

the analytical results in Table 3. The difference be-
tween the measurement and computed frequencies was
1 to 4%, between the measurement and frequencies
by the FEM from 3 to 4%, so these values are not so
accurate when compared to the equation, but more
consistent, which can ïndicate a lack of knowledge
about material properties.

The results of the experiment with static excitation
showed some similar outcomes, but many of them
vary more than those with the static sensor (Figure 4).
The fixed connection between the measuring system
and the beam is the main reason, which shifts many
of the Eigenfrequencies to lower values.

A simulation for an asymmetric attachment showed
different results of modal shapes in comparison with
free boundary conditions. Many of them have a differ-
ent amplitude of antinodes on the opposite side of the
beam and for some of them, it is hard to recognize
the longitudinal or diagonal mode. An example of a
shape with the asymmetric attachment is shown in
Figure 5. With the symmetric attachment, the shapes
are similar to the free arrangement.

The attachment caused a shift of the frequencies of
odd modes to lower values and of the even modes to
higher compared with results in the free arrangement.
Simulation also showed some resonances, which were
not present in the basic variety. Results are summed
up in Table 4.
Apart from the first longitudinal mode, where the

error reached 40%, which was most probably caused
by the influence of the vibration system and inertia of
the beam, the error between the measured frequencies
and those determined by the FEM simulation were
in a range from 1 to 6%. The comparison with the
analytic solution is not suitable in this case, because
the boundary conditions are changed and they are not
covered in the equation.
To summarize the results, even though the param-

eters in the calculations were same, the results are
slightly different, but the maximum error is approxi-
mately 2.5%. The data achieved by the experiment
vary more from the results of the simulation, but
this may be caused by a lack of knowledge about the
material properties.

5. Discussion
One of the main focus of this article was a compar-
ison of two procedures of modal analysis and their
comparison. First applied method – roving excitation
and static sensing - can be determined as a relatively
cheap and quickly prepared. One of disadvantages of
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Figure 4. Measured FRF in a range up to 6 kHz by static sensor. Up - FRF from 1 measurement. Down - Sum of
all measurements.

frequency (Hz)
compute measurement

longitudinal mode n. equation FEM static sensor
1 324 323.3 336
2 893 888.4 921
3 1750 1734 1784
4 2893 2849 2949
5 4322 4222 4354

diagonal mode n. equation FEM static sensor
1

not calculated
1775 1826

2 3567 3705
3 5395 5550

Table 3. Comparison of model and experiment with static sensor.

frequency (Hz)
FEM compute measurement

free arrangement sym. attach. asym. attach. sym. attach. asym. attach.

longitudinal modes

323.3 204.2 207.7 292.4 293.6
888.3 1018 980.4 953.2 931.5
1734 1270 1296 1300 1554
2849 3004 2864 2952 2833
4222 3490 3361 3662 3241

diagonal modes

- 1320 1386 1350 1649
1775 1753 1771 1699 1825
3567 4242 4172 4191 3994
5395 5330 5353 too high frequency

Table 4. Comparison of model and experiment with static excitation.
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Figure 5. Modal shape with asymmetric attachment.

Figure 6. Measured FRF in a range up to 4 kHz by static excitation with chirp sinusoidal signal. Up - FRF from 1
measurement. Down - Sum of all measurements.
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this method is the dependency on operator, because
he is controlling the measurement and the excitation
manually. Moreover, the accelerometer adds mass
to the beam and it can influence the measurement.
In this case, the accelerometer is 1000× lighter than
the beam, it does not affect the results. In compari-
son with the analytic solution and simulation, some
differences originating from material constants and
design of free arrangement can be found – the usage
of the soft foam pad does not fully represent a free
attachment.
Unfortunately, the method with the static excita-

tion has more disadvantages then the previous one.
The biggest disadvantage of this arrangement, which
significantly showed during the measurement, is the
influence of the vibration system. It can cause addi-
tional vibrations or change the resonance frequencies.
The measured structure was small in comparison with
the vibrating system and the beam was tightly con-
nected to the vibration system by a bolt. Therefore,
this arrangement cannot be considered as free and
the FEM model had to be redone to match this sit-
uation. The method with the static excitation is
commonly used, for example in automotive industry
for bodywork analysis, but the vibration system is
smaller in comparison with the measured structure
and connected by a rod.
Another disadvantage is the choice of a place for

the excitation, which is similar to the sensing point
in the previous method. Firstly, the attachment to
the centre did not seem as suitable, because some
modes do not have to vibrate due the attachment in
the nodes. Therefore, two different attachments were
used to determine this influence. Finally, the attach-
ment to the centre was applicable, all modes were
able to be measured and the asymmetric attachment
caused changes of the measured shape to irregular, it
significantly modified the examined situation.
This set is much more expensive and demanding

on preparation, because reflexive elements must be
placed in each point of measurement. This method
is less prone to operator failures and the measure-
ment is autonomous after the set up. It could also
be carried out with a modal hammer and accelerome-
ter, but changing the position of the accelerometer is
very demanding, predisposed to some mistakes and it
modifies the structure between measurements. Thus
it can be described as doable, but unsuitable.
The repeatability of the measurement with the

static sensor and modal hammer is lower than 0.5%
with different interdependent operators and error be-
tween calculations and experiments was lower than
4%. The repeatability of the measurement with the
static excitation and interferometer was less than
0.2%, but more inaccurate (40% error for first mode
and under 6% for higher modes) and not so consistent.
The main reason is the influence of the vibration sys-
tem and fixed connection between the structure and
the excitation system. Therefore, the preparation and

utilization of a small periodical autonomous modal
hammer for the static excitation is planned for further
experiments using the static excitation and roving
sensing.

6. Conclusion
This paper presented a modal analysis of a basic beam
in a free arrangement, which was performed and com-
pared to resonance frequencies determined numeri-
cally. Two different procedures of mode estimation
were compared from different points of view.

Based on the mentioned arguments and better re-
sults, the method with a static sensor and rowing
excitation with a modal hammer was chosen for pur-
poses of a laboratory set for students. This method
uses cheaper equipment, and thus it is more accessible.
This type of measurement is more suitable for struc-
tures of smaller dimensions like the examined one,
even though the repeatability of the measurement is
lover and the measurement is not autonomous. The
design of the measuring procedure with the static ex-
citation is more crucial than that of the method with
the roving excitation.
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List of symbols
L length of beam [m]
ρ density [kg m−3]
E Young’s modulus [Pa]
I cross section moment of area [m4]
A area of cross section [m2]
w transfer displacement [m]
t time [s]
b beam width [m]
h beam height [m]
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