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ABSTRACT. We consider the linearized and nonlinear systems describing the motion of incompressible
flow around a rotating and translating rigid body D in the exterior domain Q = R3 \ D, where D C R?
is open and bounded, with Lipschitz boundary. We derive the L*°-estimates for the pressure and
investigate the leading term for the velocity and its gradient. Moreover, we show that the velocity
essentially behaves near the infinity as a constant times the first column of the fundamental solution
of the Oseen system. Finally, we consider the Oseen problem in a bounded domain Qp := Br N}
under certain artificial boundary conditions on the truncating boundary 0Bg, and then we compare
this solution with the solution in the exterior domain 2 to get the truncation error estimate.

KEYWORDS: Incompressible fluid, rigid body, exterior domain, estimates of pressure, leading terms,
artificial boundary conditions.

1. INTRODUCTION

The boundary problem of Navier—Stokes equations describing flows past a rigid body translating with a constant
velocity (with or without rotation) is one of the challenging problems in fluid mechanics. In recent decades,
much effort has been made to analyze the properties of solutions of both stationary and non-stationary solutions,
both linear and nonlinear mathematical models, both in the whole space and in exterior domains. The difficulty
which arises in this type of problem is the variability of the spatial domain in time. To solve it there are two
possibilities: (i) to study a problem in the time dependent domain, see Conca, Starovoitov and Tucsnak [I],
Desjardins and Esteban [2], Gunzburger, Lee and Seregin [3], Hoffman and Starovoitov [4], etc. (ii) to use a
transformation in order to transform the spatial domain varying in time in to a fixed domain. For this approach
the global or local transformation can be applied. The global linear transformation implies that the whole space
is rigidly rotated and shifted back to its original position at each time ¢ > 0 (cf. [5]). The equations of motion
of the fluid-rigid body system is in a frame attached to the rigid body, with its origin in the center of mass of
the latter and coinciding with an inertial frame at time ¢ = 0. (Works related to this type of transformation see
[6HI2]). The local transformation implies that the change of variables only acts in a bounded neighbourhood of
the body, the solenoidal condition of the fluid velocity are preserved and the regularity of the solution are not
changed. See e.g. works of Tucsnak, Cumsille and Takahashi (cf. [I3HI5]).

1.1. FORMULATION OF THE PROBLEM

Let us formulate our problem in the fixed domain, which is a result of applying the global linear transformation,
for more details, see [5]. The systems of equations are as follows

—Au(z) + 7o1u(z) — (w x 2) - Vu(z) + w x u(z)
+7(u(z) - V)u(z) + Vr(z) = F(z) (1.1)
divu(z) =0 for z € Q

—Au(z) + T701u(z) — (w x 2) - Vu(z) + w x u(z) + Va(z) = F(z)
divu(z) =0 for z € Q

where D C R? is open and bounded, with Lipschitz boundary. The systems and together with some
boundary conditions on 9Q) = 9D constitute the mathematical models (linear and non-linear, respectively)
describing the stationary flow of a viscous incompressible fluid around a rigid body which moves at a constant
velocity and rotates at a constant angular velocity. In this study we consider that the rotation is parallel to the
velocity at infinity. (For more details concerning the derivation of the model, see [3] [7]. The description and the
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analysis in the case where the rotation is not parallel to the velocity at infinity can be found in the following
works, see [16] [17]).

The aim is to obtain the L estimates for the pressure in the linear and nonlinear cases, since such estimates
are missing in the literature. Only the estimates of the velocity field and the gradient of the velocity field in L*°
are available. This implies that complete information about the decay of the solution (u, ) of the systems ,
for |z| — oco. (For other works see [I§], [19].)

Second, we are interested in the “Leray solutions” of , supplemented by a decay condition at infinity,

u(z) = 0 for |z| — oo, (1.3)

and the suitable boundary conditions on 9. Weak solutions are characterized by the conditions u € L%(Q)3 N
WLELHQ)3, Vu € L2(Q)? and 7 € L}, (Q).

From [I8] and [20], it follows that the velocity part of the Leray solution (u,7) in (1.1)) and (1.3]) decays for
|z| = oo as the estimates express below

~1

u(z)] < C (l2]s(x)) ", |[Vu(@)| < C(la]s(2))
for z € R3 with |z| sufficiently large, where s(z) := 1 + |z| — z; (z € R3) and C > 0 a constant independent
of z. The factor s(z) may be considered as a mathematical manifestation of the wake extending downstream
behind a body moving in a viscous fluid. In the work by M. Kyed, (see [2I]) it was shown that

—3/2 (1.4)

uj(z) = v Eji(x) + Ri(x), Owu;(x) =8 Ej(x) + Sj(x) (xe®D, 1<4,1<3), (1.5)
where E : R*\{0} — R* x R? denotes a fundamental solution to the Oseen system
~Av+ 70w+ Vo=f divo=0 in R® (1.6)

The term Ej;(x) can be expressed explicitly in terms of elementary functions. The coefficient + is also given
explicitly, its definition involving the Cauchy stress tensor. The remainding terms R and S are characterized
by the relations R € L(Q2)3 for g € (4/3, ), S € L4(Q)3 for q € (1,00). From [22, Section VIL3] it is known
that Ej|BS ¢ LY(Bg) for r > 0, ¢ € [1,2], and 0, E;|Bf ¢ LYBg) for r >0, g € [1,4/3], j,l € {1, 2, 3}. The
function R decays faster than F;1, and Sj; decays faster than 0,1, in the sense of Li-integrability. Thus, the
equations in can be viewed in fact as asymptotic expansions of u and Vu, respectively. Let us mention
that the result in [2I] are valid under the assumption that u verifies the boundary conditions

u(z) =e1 + (wxz) for ze€ o, (1.7)

which is not our case.

Reference [21] does not deal with L>°-decay of R and S, nor does it indicate whether S = VR.

Below, in Theorem [4.1] we derive an L>-decay of u and Vu respectively, which is independent on the boundary
conditions. However, in comparison with [21] and indicated in (L.5)), our leading term is less explicit than the
term v Eji(z) in and instead of the fundamental solution F;;(z) of the stationary Oseen system, we use
the time integral of the fundamental solution of the evolutionary Oseen system.

In [23] it was proved that Zji(x,0) = Eji(z) for 2 € R®\{0}, 1 < j < 3, and lim ;| |03 Z;5(2,0)| =
O( (|| s(x))_3/2_|a‘/2) for 1 <j <3, ke{2 3} (|23 Corollary 4.5, Theorem 5.1]). Thus, setting

&;(z) := zgjﬁk Zji(2,0)+ () (v€Bs,, 1<j<3), (1.8)
k=2
we may obtain from that
uj(z) = 1 Eji(x) + (/{mu : ndow) zj(Am|z?) P+ 8,(z) (re€Bs , 1<j<3) (1.9)
and
lim |0°6(2)| = O( (|2 s(x)) /271212 (2 + [2])) for a € N} with |a| <1 (1.10)

|| =00

(Theorem Corollary [£.3).
Comparing the coefficient 7 from (1.5 in the work [2I] with the coefficient 8; from (1.9) in [24], see Theorem

below, and taking into account the boundary condition in [21], it follows that v and (3, are equal.

Third, we are solving the linear system in a truncation Qg := Br N Q of the exterior domain R3 \ D
under certain artificial boundary conditions on the truncating boundary 0Bg. Then we compare this solution
with the solution of in the exterior domain, i.e. to find the error estimates of the method of an artificial
boundary condition. For this aim we use L*°-estimates of the velocity and of the pressure.
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2. DEFINITIONS AND NOTATION
Let us define
s(y) =14yl -y fory e R, Q=R3\D, Qp:= BRNQ, B, :=R3\ Bp,

where By := {z € R3; || < R}, for R > 0 such that Bg D D.
So, Qg is the truncation of the exterior domain © = R3\ D by the ball Bg. The boundary 2 consists of parts
0f) and OBg, the later we call the truncating boundary.

00 O
Fix 7 € (0,00), €1 := (1,0,0), w = |wley, |w| #0,and Q:=|w| [0 0 -1
0 1 O

So, Q- z=wxz for z € R3. For U C R? open, uericl(U)?’, z € U, put
(Lu)(z) := — Au(z) + 101u(z) — (w X 2) - Vu(z) + w X u(2),
(L*u)(z) == — Au(z) — tO1u(z) + (w X 2) - Vu(z) — w x u(z).

Put N(z):= (47 |z[)~t for € R*\{0} ("Newton potential”, fundamental solution of the Poisson equation
in R%), O(z) := (4 |z|)~Le 7 I=I=21/2 for z € R3\{0} (fundamental solution of the scalar Oseen equation
—Av+70v =g in R3),

Put K(z,t) == (4rt)~3/2e 1P/ (2 e R3¢ € (0, 00)),
= ( 2, )0k + 020z (/ (47|z — y|)1K(y,t)dy>) (z€eR?, t>0),
R3
)

1<j,k<3
D(z,y,t Az —1te; — e Sy t) - et

L(z,y,t ) = Az + 1te; — ey t) - €' (2,y €R3t > 0),

oo

Z(z,y) r=/0 (z,y,t)dt, Z(z,y) :=/0 T(z,y,t)dt, (z,y€R> z#y).

=[i@—e )t tdt (reR), ®(x):=@Anr7r) (7 (x| —21)/2) (z €R3),
E]k( ) (056 A — 8 0k ®(2), Eugp(z) =5 (47 |z3)~ ! (z € R3\{0}, 1 < j,k <3) (fundamental solution
of the Oseen system (L.6), with (Eji)1<; k<3 the velocity part and (Esx)i1<k<s the pressure part).
For g € (1,2), f € Lq(R3) , put

R(f)(z) = . Z(x,y)f(y)dy (z € R%);
see |25, Lemma 3.1].
We will use the space Dy*()% := {v € LS(Q)* N H. ()% : Vv e L2(Q)?, v]|dQ = 0}
equipped with the norm ||Vul|2, where v|0€2 means the trace of v on 9. For p € (1, 00), define M, as the space
of all pairs of functions (u, ) such that u € W2P(Q)3, = € W,-P(Q),

ulQr € WHP(QR)3,  7|Qr € LP(Dr), u|dQ € W2 1/PP(5Q)3,
divulQr € WHP(QR), L(u) 4+ V|Qr € LP(Qg)?

for some R € (0,00) with Q° C Bg.

We write C for generic constants. In order to romove possible ambiguities, we sometimes use the notation
C(71, -y Yn) in order to indicate that the constant in question depends particularly on 7, ..., v, € (0, 00), for
some n € N. But the relevant constant may depend on other parameters as well.

3. DECAY ESTIMATES

In the first part of this section, we recall some known results from [25] and [26] about the decay of the velocity
part of the solution of the system . In order to get the full decay characterization of the solution, we derive
the decay of the pressure part of the solution of . In the second part of this section, we extend the result
for the pressure to the non-linear case of .
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3.1. DECAY ESTIMATES IN THE LINEAR CASE
Our starting point is a decay result from [26] for the velocity part u of a solution to (1.2).

Theorem 3.1. ([26, Theorem 3.12]) Suppose that Q¢ is C*-bounded. Let p € (1,00), (u,7) € M,. Put
F = L(u) + V7. Suppose there are numbers Sy, S,y € (0,00), A € [2,00), B € R such that S; < S,

Q° Usupp(divu) € Bs,, u|BS € L5(BS)®, Vu|BE € L?(BE)?,

A+min{l, B} >3, |F(2)| <7|z| " *s(2)" 8 for z € B, .
Then
lu(y)| < C (lyls(y)) ™" La,p(y), (3.1)
IVu(y)] < C (lyls(y)~>/2 s(y)m> @724 14 p(y) (3.2)
for y € Bg, where function l4, g Is given by

1 if A+ min{l,B} >3
max(1,In(y)) if A+ min{l, B} =3.

Corollary 3.2. Let p € (1,00), v, 51, S € (0,00) with Q¢ C Bg,, S1 < S, A € [2,0), B € R with
A+min{l, B} > 3. Let F : Q — R3 be measurable with F|Qgs, € LP(Qs,)% and |F(z)| < y|z|4s(2)"8 for 2z €
Bg,.

Let u € WEP(Q)? with u|Bg € LS(Bg)?, Vu|Bg € L2(Bg)?, supp(divu) C Bs,,

/@C[Vu~V<p+(Talu—(wxz)-Vu—i—(wxu)—F)~g@]dz (3.3)
=0 for o€ C(Q)® with divy = 0.

Then inequalities and hold for y € B§.
Moreover F € L1(Q)3 for q € (1,p]. If p > 6/5, the function F may be considered as a bounded linear

functional on Dy*()?, in the usual sense.
Let m € LT (Q) with

loc
/5€[VU-V<,0+(T@luf(wxz)Vqu(wxu)fF)'go (3.4)
—mdivp]dz=0 for ¢ € C3°(Q)°.

Fix some number Sy € (0,51) with D U supp(divu) C Bg,. Then the relations u|B7506 c Wl%)f(BiSUC)S, e
WP (Bs,") and L(u|Bs,’) + Vr = F|Bs,” hold.

loc

The main result of this section, dealing with the L -estimates of the pressure, is stated in

Theorem 3.3. Let p, v, S1, S, A, B, F, u be given as in Corollary but with the stronger assumptions
A=5/2 Be(1/2, ) on A and B. Let m € L} (Q) such that holds Then there is co € R such that

loc

|T(z) +co| < Clx|™? for x € BS. (3.5)

Corollary 3.4. Let p, v, S1, S, A, B, F, u be given as in Corollary[3.2, but with the stronger assumptions
A>5/2, A+ min{l,B} >3 on A and B. Let = € L} (Q) such that (3.4) holds. Then there is ¢y € R such

loc
that inequality is valid.

Proof: Put B’ :== A —5/2 + min{l, B}. Since A+ min{1, B} > 3, we have B’ € (1/2, c0). Moreover, since
A >5/2, we find for z € Bg that

|F(2)] < 7 C(St, A) |2 ~5/2 5(2) =528 < 5 O(Sh, 4) |2~/ s(2) .

Thus the assumptions of Theorem are satisfied with B replaced by B’ and with a modified parameter -.
This implies the conclusion of Theorem [3.3] O
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3.2. DECAY ESTIMATES IN THE NON-LINEAR CASE

Let us assume now the non-linear case, i.e. the system (|1.1)). First, recall the result about the decay properties
of the velocity in this non-linear case:

Theorem 3.5. [20, Theorem 1.1] Let v, S1 € (0,00), pog € (1,00), A € (2,00), B € [0, 3/2] with Q° C Bg,,
A+min{B,1} >3, A+ B > 7/2. Take F : R® — R3 measurable with F|Bg, € L*(Bg, )3,

\Fy)| <v-lyl~* - s(y)~ P fory € BE,.

Let u e LS(Q)P N WL (Q)3, 7 € L2, (Q) with Vu € L*(Q)?,divu = 0 and

loc

L [Vu-Vo+10u— (wxz) Vut+wxu
S

+7(u-V)u—F)-p—mndivy] dz =0
for p € C§°(2)3. Let S € (S1,00). Then

10%u(z)| < C (Jz|s(x)) " 12 for x € BS, a € N3 with |a| < 1. (3.6)

Now, using Theorems and we are in the position to prove the result on the decay of the pressure in
the non-linear case:

Theorem 3.6. Consider the situation in Theorem Suppose in addition that A > 5/2. Then there is ¢y € R
such that inequality holds.

4. LEADING TERM

In this section we study the asymptotic behavior of the velocity profile of the system (|1.2)). Let us recall known
results from [26] and [24].

Theorem 4.1. Let D C R® be open, p € (1,00), f € LP(R®)? with supp(f)compact. Let Sy € (0,00) with
DU supp(f) C Bs,, Q=D".
Let u € LS(Q)? N WL (Q), m € L2.(Q) with Vu € L*(Q)°, divu =0 and

/[VU-Vgp + (tOw+7u-Vu—(wxz2) - Vutwxu) p—nrdive|dz (4.1)
Q

= / f-pdz for pe C(Q)>.
Q
(This means the pair (u, ) is a Leray solution to , ) Suppose in addition that
Q¢ is C%-bounded, u|dQ € W*~1/PP(0Q)3  7|Bs,\D € LP(Bs,\D). (4.2)

Let n denote the outward unit normal to €2, and define

B 5:/ka(y)dy

/69 —Our(y) + S m(y) + (Te1 —w x y)rug(y) — 7 (wrur)(y) ) mly) doy
=1

for 1 <k <3,

3 3

5,(0) = /Q (302 = 2. 0) fets) = - 32 Zonlor) (O )]

_|_/
o

3 3
o Zjr(x,y) — Zjn(x,0)) Z =0 (y) + S m(y) + (Ter —w x y)rue(y) ) ni(y)
k= 1 =1
+(Eaj(z —y) — Eaj(x) ) ur(y) ni(y)
3

+ Z(aylzjk(x, Y) (ur ) (y) + 7255 (x, 0) (w uk n1) () )} doy
=1
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for x € lec, 1 < j < 3. The preceding integrals are absolutely convergent. Moreover § € Cl(lec)?’ and
equation

3
u;(r) = k(T U ndog | T wlz?) ! jx). .
1) = 3 e 2o O+ ([ undo)a; (dejaf) 7 + 5,0 (43)

holds. In addition, for any S € (S1,00), there is a constant C > 0 which depends on T, w, Sy, S, f, u and T,
and which is such that

—-3/2—|a|/2

10°F(x)| < C (|=] 5(x)) In(2+ |z|) for z € Bg', o€ N} with |a| < 1. (4.4)

Theorem 4.2. Let ®, p, f, S1, u, 7 satisfy the assumptions of Theorem including . Let (31, B2, B3
and § be defined as in Theorem Define the function & as

3
6j(x) =Y Br Zin(x,0) + §;(z) (z€Bs,", 1<j<3). (4.5)
k=2

Then & € C'(Bg, )3, equation

uj(x) = p1 Ej(x) + (/

u- ndow) zj(4m|zP) "t + &(z) (reBg, ,1<j<3) (4.6)
[5}9)

holds, and for any S € (S1,0), there is a constant C' > 0 which depends on T, w, S1, S, f, uw and , and which
is such that

0°6 ()| < C (Jz|s(2)) "> m@+ |z|) for € Bs", a € N with |a| < 1.
Corollary 4.3. Take D, p, f, S1, u, m as in Theorem but without requiring . (This means that

(u, 7) is only assumed to be a Leray solution of , .3).) Put p:=min{3/2, p}. Then u € I/Vif(fl)3 and
S Wl’ﬁ(Q).

loc

Fix some number Sy € (0,S;) with D U supp(f) C Bs,, and define By, 2, 33 and § as in Theorem [4.1}
but with D replaced by Bs,, and n(z) by Sy 'z, for x € dBs,. Moreover, define & as in . Then all the
conclusions of Theorem are valid.

5. FORMULATION OF THE PROBLEM WITH ARTIFICIAL BOUNDARY CONDITIONS
Recall that we defined Qr = Br N 2. We introduce the subspace Wgr of H!(Qr) denoting

Wg = {ve H' (Qg)? : v|02 = 0},
where v|0Q2 means the trace of v on 9.
Lemma 5.1. ([27, Lemma 4.1]) The estimate
lulls < C (R | Vully + R'? [|ul0Bgl,)
holds for R € (0,00) with Q¢ C Bg and for u € Wg.
We introduce an inner product (-, -)¥) in Wg by defining
(v, w)F) = Ja, Vv-Vwdz + [y (7/2)v-wdo, for v,w € Wg.

The space Wg equipped with this inner product is a Hilbert space. The norm generated by this scalar product
(-,-)) is denoted by | - |, that is

1/2
[0 = (IV0l3 + (7/2) [0]0BRI3) " for v e W,

10
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We define the bilinear forms

Ar: HY(Qgr)® x H'(Qr)® — R,
BR : Hl(QR)3 X LQ(QR) — R,

T

Ar(u,w) := /QR [Vu - Vw+ 7010 - w]dz + ;/aBR(u(J:) ~w(x)) (1 - E) do,

| 1= (@) V)uta) + (@ x ula)) ] - wla) ds
R
Br(w,o) := —/Q (divw) odz, +(w x u(z) ) | - w(z) dx
for u,w € H'(Qg)3, o € 22(93), R € (0,00) with Q¢ C Bg.
Lemma 5.2. Let R € (0,00) with Q¢ C Br. Then
[ Ap(,w)] SC(R) Jul® o]
for u,w € HY(QR)3.

The key observation in this section is stated in the following lemma, which is the basis of the theory presented
in this section.

Lemma 5.3. Let R € (0,00) with Q¢ C Bg, and let w € Wg. Then the equation (|w|)? = Ag(w,w) holds.

Proof: Using the definition Ag(-,-), we get

/DR {|Vw|2 + 70, (““;) (wx)-V ('wjﬂ do

3/ W@ (1= ) dos

[ orvutass [ (Zu@Pg - ) ) do
w3 ), a1 ) den

/ Vuwlde + / w(@)? = (ju] P)>.
Dr 2 JoBg

Ag(w,w)

We applied that (w x z) -2 =0 for z, w € R3. O
As in [28], we obtain that the bilinear form Sg is stable:

Theorem 5.4. ([28, Corollary 4.3]) Let R > 0 with Q¢ C Br. Then

inf u M > C(R).
pEL2(QR),p7#0 vewp,v£0 V| ||pll2

We note that functions from Wlt} () with L%-integrable gradient are L2-integrable on truncated exterior
domains:

Lemma 5.5. [29, Lemma I1.6.1] Let w € Wllocl(Q) with Vw € L*(Q)3, and let R € (0, 00) with Q¢ C Bg. Then
w|Qr € L*(Qr). In particular the trace of w on 92 is well defined.

The preceding lemma is implicitly used in the ensuing theorem, where we introduce an extension operator
¢ HY2(09)% — W (Q)? such that div &(b) = 0.

Theorem 5.6. [29, Exercise I11.3.8] There is an operator € from HY?(9Q)* into I/Vlloc1 (Q)3 satisfying the
relations VE(b) € L*(Q)°, &(b)|02 = b and div &(b) = 0 for b € HY/?(9Q)3.

In view of Lemma [5.2] and [5.3] and Theorem [5.6] and the theory of mixed variational problems yields

11
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Theorem 5.7. Let S > 0 with Q¢ C Bs, R € [2S,00), F € L5/5(Qg)%, b € HY2(9Q)3. Then there is a
uniquely determined pair of functions (V,P) = (V(R7 F,b), P(R,F, b)) € Wr x L?(Qg) such that

AR(YN/,g) + Bgr(g, P) = F.gdx— AR((‘E(b)|QR, g) for g € Wkg, (5.1)
Dr

Br(V,0) =0 for o € L*(QR), (5.2)
where the operator € was introduced in Theorem [5.6,

Let us interpret variational problem (5.1, (5.2) as a boundary value problem. Define the expression used in
the boundary condition on the artificial boundary 0Bp, :

3
Lol m)(@) = | 3 dun(a) P — o)y +5 (1= F ) usle) | acues

for z € OBR, R € (0,00) with D C Bg, u € W>%/5(Qg)?, 7 € Wh5/5(Qp).

Lemma 5.8. Assume that Q° is C?-bounded. Let S € (0, 00) with Q¢ C Bg, R € [25,00), F € L%%(Qg)? and
be WT/6:6/590)3. Put V := V(R, F,b) + €(b)|Qg, with V(R, F,b) from Theoremand &(b) from Theorem
5.0, Suppose that V € W?26/5(Qg)? and P = P(R,F,b) € W%6/5(QR), with P(R, F,b) also introduced in
Theorem [54 Then

—AV(2)+ 701V (2) — (wx 2) - VV(2) + w x V(2) + VP(2) = F(2),

divV(z) =0 (5-3)

for z € Qr, and V10Q =b, Lr(V,P)=0.

Theorem 5.9. Suppose that Q¢ is C?-bounded. Let 7y, S; € (0,00) with Q¢ C Bg,, A € [5/2, ), B € R with
A+min{l, B} > 3. Let F : Q ~ R3 be measurable with F|Qg, € L%°(Qg,)? and |F(z)| < 2|~ *s(z) "B for z €
g’l °
Let b e W7/6:9/5(90)3, u e Wb (2)? N LS(Q)? such that Vu € L2()?, divu = 0, u|d9Q = b and equation
is satisfied.
For R € [251, o), put Vg := V(R, F,b) + €(b), with €(b) from Tbeorem and V(R, F,b) from Theorem
574 Then

lulay — VR|(R) <CR' for Re [25, 00).
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